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Preface

Statics is the first volume of a three-volume textbook on Engi-
neering Mechanics. Volume 2 deals with Mechanics of Materials;
Volume 3 contains Particle Dynamics and Rigid Body Dynamics.
The original German version of this series is the bestselling text-
book on mechanics for nearly three decades and its 11th edition
has already been published.

It is our intention to present to engineering students the basic
concepts and principles of mechanics in the clearest and simp-
lest form possible. A major objective of this book is to help the
students to develop problem solving skills in a systematic manner.

The book developed out of many years of teaching experience
gained by the authors while giving courses on engineering me-
chanics to students of mechanical, civil and electrical engineering.
The contents of the book correspond to the topics normally co-
vered in courses on basic engineering mechanics at universities
and colleges. The theory is presented in as simple a form as the
subject allows without being imprecise. This approach makes the
text accessible to students from different disciplines and allows for
their different educational backgrounds. Another aim of the book
is to provide students as well as practising engineers with a solid
foundation to help them bridge the gaps between undergraduate
studies, advanced courses on mechanics and practical engineering
problems.

A thorough understanding of the theory cannot be acquired
by merely studying textbooks. The application of the seemingly
simple theory to actual engineering problems can be mastered
only if the student takes an active part in solving the numerous
examples in this book. It is recommended that the reader tries to
solve the problems independently without resorting to the given
solutions. To demonstrate the principal way of how to apply the
theory we deliberately placed no emphasis on numerical solutions
and numerical results.



VI

As a special feature the textbook offers the TM-Tools. Students
may solve various problems of mechanics using these tools. They
can be found at the web address <www.springer.com/engineering/
grundlagen /tm-tools>.

In the second edition the text was revised and part of the nota-
tion was changed to make it compatible with the usual notation
in English speaking countries. To provide the students with mo-
re material to develop their skills in solving problems, additional
Supplementary Examples are supplied.

We gratefully acknowledge the support and the cooperation of
the staff of Springer who were responsive to our wishes and helped
to create the present layout of the books.

Darmstadt, Essen, Munich and Vancouver, D. Gross
Summer 2012 W. Hauger
J. Schroder
W.A. Wall

N. Rajapakse
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Introduction

Mechanics is the oldest and the most highly developed branch
of physics. As important foundation of engineering, its relevance
continues to increase as its range of application grows.

The tasks of mechanics include the description and determi-
nation of the motion of bodies, as well as the investigation of the
forces associated with the motion. Technical examples of such mo-
tions are the rolling wheel of a vehicle, the flow of a fluid in a duct,
the flight of an airplane and the orbit of a satellite. “Motion” in
a generalized sense includes the deflection of a bridge or the de-
formation of a structural element under the influence of a load.
An important special case is the state of rest; a building, dam or
television tower should be constructed in such a way that it does
not move or collapse.

Mechanics is based on only a few laws of nature which have
an aziomatic character. These are statements based on numerous
observations and regarded as being known from experience. The
conclusions drawn from these laws are also confirmed by experi-
ence. Mechanical quantities such as velocity, mass, force, momen-
tum or energy describing the mechanical properties of a system are
connected within these axioms and within the resulting theorems.

Real bodies or real technical systems with their multifaceted
properties are neither considered in the basic principles nor in
their applications to technical problems. Instead, models are in-
vestigated that possess the essential mechanical characteristics of
the real bodies or systems. Examples of these idealisations are a
rigid body or a mass point. Of course, a real body or a structural
element is always deformable to a certain extent. However, they
may be considered as being rigid bodies if the deformation does not
play an essential role in the behaviour of the mechanical system.
To investigate the path of a stone thrown by hand or the orbit of
a planet in the solar system, it is usually sufficient to view these
bodies as being mass points, since their dimensions are very small
compared with the distances covered.

In mechanics we use mathematics as an exact language. Only
mathematics enables precise formulation without reference to a
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certain place or a certain time and allows to describe and compre-
hend mechanical processes. If an engineer wants to solve a tech-
nical problem with the aid of mechanics he or she has to replace
the real technical system with a model that can be analysed ma-
thematically by applying the basic mechanical laws. Finally, the
mathematical solution has to be interpreted mechanically and eva-
luated technically.

Since it is essential to learn and understand the basic princip-
les and their correct application from the beginning, the question
of modelling will be mostly omitted in this text, since it requi-
res a high degree of competence and experience. The mechanical
analysis of an idealised system in which the real technical system
may not always be easily recognised is, however, not simply an
unrealistic game. It will familiarise students with the principles
of mechanics and thus enable them to solve practical engineering
problems independently.

Mechanics may be classified according to various criteria. De-
pending on the state of the material under consideration, one
speaks of the mechanics of solids, hydrodynamics or gasdynamics.
In this text we will consider solid bodies only, which can be clas-
sified as rigid, elastic or plastic bodies. In the case of a liquid one
distinguishes between a frictionless and a viscous liquid. Again,
the characteristics rigid, elastic or viscous are idealisations that
make the essential properties of the real material accessible to
mathematical treatment.

According to the main task of mechanics, namely, the investi-
gation of the state of rest or motion under the action of forces, me-
chanics may be divided into statics and dynamics. Statics (Latin:
status = standing) deals with the equilibrium of bodies subjected
to forces. Dynamics (Greek: dynamis = force) is subdivided into
kinematics and kinetics. Kinematics (Greek: kinesis = movement)
investigates the motion of bodies without referring to forces as a
cause or result of the motion. This means that it deals with the
geometry of the motion in time and space, whereas kinetics relates
the forces involved and the motion.

Alternatively, mechanics may be divided into analytical mecha-
nics and engineering mechanics. In analytical mechanics, the ana-
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lytical methods of mathematics are applied with the aim of gaining
principal insight into the laws of mechanics. Here, details of the
problems are of no particular interest. Engineering mechanics con-
centrates on the needs of the practising engineer. The engineer has
to analyse bridges, cranes, buildings, machines, vehicles or com-
ponents of microsystems to determine whether they are able to
sustain certain loads or perform certain movements.

The historical origin of mechanics can be traced to ancient
Greece, although of course mechanical insight derived from expe-
rience had been applied to tools and devices much earlier. Several
cornerstones on statics were laid by the works of Archimedes (287—
212): lever and fulcrum, block and tackle, center of gravity and
buoyancy. Nothing more of great importance was discovered until
the time of the Renaissance. Further progress was then made by
Leonardo da Vinci (1452-1519) with his observations of the equi-
librium on an inclined plane, and by Simon Stevin (1548-1620)
with his discovery of the law of the composition of forces. The
first investigations on dynamics can be traced back to Galileo Ga-
lilei (1564-1642) who discovered the law of gravitation. The laws
of planetary motion by Johannes Kepler (1571-1630) and the nu-
merous works of Christian Huygens (1629-1695) finally led to the
formulation of the laws of motion by Isaac Newton (1643-1727).
At this point, tremendous advancement was initiated, which went
hand in hand with the development of analysis and is associated
with the Bernoulli family (17th and 18th century), Leonhard Eu-
ler (1707-1783), Jean le Rond d’Alembert (1717-1783) and Joseph
Louis Lagrange (1736-1813). As a result of the progress made in
analytical and numerical methods — the latter especially boosted
by computer technology — mechanics today continues to enlarge
its field of application and makes more complex problems accessi-
ble to exact analysis. Mechanics also has its place in branches of
sciences such as medicine, biology and the social sciences through
the application of modelling and mathematical analysis.



Chapter 1

Basic Concepts
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Objectives: Statics is the study of forces acting on bo-
dies that are in equilibrium. To investigate statics problems, it
is necessary to be familiar with some basic terms, formulas, and
work principles. Of particular importance are the method of secti-
ons, the law of action and reaction, and the free-body diagram, as
they are used to solve nearly all problems in statics.
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1.1 Force

The concept of force can be taken from our daily experience. Al-
though forces cannot be seen or directly observed, we are familiar
with their effects. For example, a helical spring stretches when
a weight is hung on it or when it is pulled. Our muscle tension
conveys a qualitative feeling of the force in the spring. Similarly,
a stone is accelerated by gravitational force during free fall, or
by muscle force when it is thrown. Also, we feel the pressure of
a body on our hand when we lift it. Assuming that gravity and
its effects are known to us from experience, we can characterize a
force as a quantity that is comparable to gravity.

In statics, bodies at rest are investigated. From experience we
know that a body subject only to the effect of gravity, falls. To
prevent a stone from falling, to keep it in equilibrium, we need to
exert a force on it, for example our muscle force. In other words:

A force is a physical quantity that can be brought into equi-
librium with gravity.

1.2 Characteristics and Representation of a Force

A single force is characterized by three properties: magnitude,
direction, and point of application.

The quantitative effect of a force is given by its magnitude.
A qualitative feeling for the magnitude is conveyed by different
muscle tensions when we lift different bodies or when we press
against a wall with varying intensities. The magnitude F’ of a force
can be measured by comparing it with gravity, i.e., with calibrated
or standardized weights. If the body of weight W in Fig.1.1 is
in equilibrium, then F = W. The “Newton”, abbreviated N (cf.
Section 1.6), is used as the unit of force.

From experience we also know that force has a direction. While
gravity always has an effect downwards (towards the earth’s cen-
ter), we can press against a tabletop in a perpendicular or in an
inclined manner. The box on the smooth surface in Fig.1.2 will

1.1

1.2
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Fig. 1.1

move in different directions, depending on the direction of the
force exerted upon it. The direction of the force can be described
by its line of action and its sense of direction (orientation). In
Fig. 1.1, the line of action f of the force F' is inclined under the
angle « to the horizontal. The sense of direction is indicated by
the arrow.

Finally, a single force acts at a certain point of application. De-
pending on the location of point A in Fig. 1.2, the force will cause
different movements of the box.

Fig. 1.2

A quantity determined by magnitude and direction is called a
vector. In contrast to a free vector, which can be moved arbitrarily
in space provided it maintains its direction, a force is tied to its line
of action and has a point of application. Therefore, we conclude:

The force is a bound vector.

According to standard vector notation, a force is denoted by a
boldfaced letter, for example by F', and its magnitude by |F'| or
simply by F. In figures, a force is represented by an arrow, as
shown in Figs.1.1 and 1.2. Since the vector character usually is
uniquely determined through the arrow, it is usually sufficient to
write only the magnitude F' of the force next to the arrow.

In Cartesian coordinates (see Fig.1.3 and Appendix A.1), the
force vector can be represented using the unit vectors ez, ey, e,
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by
F=F,+F,+F,=F,e;+F,e,+F.e,. (1.1)

Applying Pythagoras’ theorem in space, the force vector’s magni-
tude F is given by

F:\/F3+F;+F3. (1.2)

The direction angles and therefore the direction of the force follow
from

F, F, 2
cosa= ., cosf8 = ;, cosy = . (1.3)

1.3 The Rigid Body

A body is called a rigid body if it does not deform under the influ-
ence of forces; the distances between different points of the body
remain constant. This is, of course, an idealization of a real bo-
dy composed of a reasonably stiff material which in many cases
is fulfilled in a good approximation. From experience with such
bodies it is known that a single force may be applied at any point
on the line of action without changing its effect on the body as a
whole (principle of transmissibility).

This principle is illustrated in Fig.1.4. In the case of a de-
formable sphere, the effect of the force depends on the point of

1.3
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F‘. deformable
body
£y rigid body A
Ay f As

Fig. 1.4

application. In contrast, for a rigid sphere the effect of the force
F on the entire body is the same, regardless of whether the body
is pulled or pushed. In other words:

The effect of a force on a rigid body is independent of the
location of the point of application on the line of action. The
forces acting on rigid bodies are “sliding vectors”: they can
arbitrarily be moved along their action lines.

A parallel displacement of forces changes their effect considera-
bly. As experience shows, a body with weight W can be held in
equilibrium if it is supported appropriately (underneath the center
of gravity) by the force F, where F' = W (Fig.1.5a). Displacing
force F in a parallel manner causes the body to rotate (Fig. 1.5b).

f f

e
E

w
F

|
1
a T b Fig. 1.5

1.4 Classification of Forces, Free-Body Diagram

A single force with a line of action and a point of application,
called a concentrated force, is an idealization that in reality does
not exist. It is almost realized when a body is loaded over a thin
wire or a needlepoint. In nature, only two kinds of forces exist:
volume forces and surface or area forces.
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A wvolume force is a force that is distributed over the volume of
a body or a portion thereof. Weight is an example of a volume
force. Every small particle (infinitesimal volume element dV') of
the entire volume has a certain small (infinitesimal) weight dW
(Fig. 1.6a). The sum of the force elements dW, which are conti-
nuously distributed within the volume yields the total weight W.
Other examples of volume forces include magnetic and electrical
forces.

Area forces occur in the regions where two bodies are in con-
tact. Examples of forces distributed over an area include the water
pressure p at a dam (Fig. 1.6b), the snow load on a roof or the
pressure of a body on a hand.

A further idealization used in mechanics is the line force, which
comprises forces that are continuously distributed along a line. If
a blade is pressed against an object and the finite thickness of
the blade is disregarded, the line force ¢ will act along the line of
contact (Fig.1.6c).

Fig. 1.6

Forces can also be classified according to other criteria. Active
forces refer to the physically prescribed forces in a mechanical
system, as for example the weight, the pressure of the wind or the
snow load on a roof.

Reaction forces are generated if the freedom of movement of
a body is constrained. For example, a falling stone is subjected
only to an active force due to gravity, i.e., its weight. However,
when the stone is held in the hand, its freedom of movement is
constrained; the hand exerts a reaction force on the stone.

Reaction forces can be visualized only if the body is separated
from its geometrical constraints. This procedure is called freeing
or cutting free or isolating the body. In Fig.1.7a, a beam is loaded
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by an active force W. Supports A and B prevent the beam from
moving: they act on it through reaction forces that, for simplici-
ty, are also denoted by A and B. These reaction forces are made
visible in the so-called free-body diagram (Fig.1.7b). It shows the
forces acting on the body instead of the geometrical constraints
through the supports. By this “freeing”, the relevant forces beco-
me accessible to analysis (cf. Chapter 5). This procedure is still
valid when a mechanical system becomes movable (dynamic) due
to freeing. In this case, the system is regarded as being frozen
when the reaction forces are determined. This is known as the
principle of solidification (cf. Section 5.3).

lW lW
AL 2B A

system A free—body diagram B

Fig. 1.7

A further classification is introduced by distinguishing between
external forces and internal forces. An external force acts from the
outside on a mechanical system. Active forces as well as reaction
forces are external forces. Internal forces act between the parts of
a system. They also can be visualized only by imaginary cutting or
sectioning of the body. If the body in Fig. 1.8a is sectioned by an
imaginary cut, the internal area forces p distributed over the cross-
section must be included in the free-body diagram; they replace
the initially perfect bonding between the two exposed surfaces
(Fig.1.8b). This procedure is based on the hypothesis, which is
confirmed by experience, that the laws of mechanics are equally
valid for parts of the system. Accordingly, the system initially
consists of the complete body at rest. After the cut, the system
consists of two parts that act on each other through area forces in
such a way that each part is in equilibrium. This procedure, which
enables calculation of the internal forces, is called the method of
sections. It is valid for systems in equilibrium as well as for systems
in motion.
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lW lW
® %:,};& ®
A A

A a B A b B

Fig.1.8

Whether a force is an external or an internal force depends on
the system to be investigated. If the entire body in Fig.1.8a is
considered to be the system, then the forces that become exposed
by the cut are internal forces: they act between the parts of the
system. On the other hand, if only part @ or only part @ of the
body in Fig. 1.8b is considered to be the system, the corresponding
forces are external forces.

As stated in Section 1.3, a force acting on a rigid body can be
displaced along its line of action without changing its effect on the
body. Consequently, the principle of transmissibility can be used
in the analysis of the external forces. However, this principle can
generally not be applied to internal forces. In this case, the body
is sectioned by imaginary cuts, therefore it matters whether an
external force acts on one or the other part.

The importance of internal forces in engineering sciences is de-
rived from the fact that their magnitude is a measure of the stress
in the material.

1.5 Law of Action and Reaction

A universally accepted law, based on everyday experience, is the
law of action and reaction. This axiom states that a force always
has a counteracting force of the same magnitude but of opposite
direction. Therefore, a force can never exist alone. If a hand is pres-
sed against a wall, the hand exerts a force F' on the wall (Fig. 1.9a).
An opposite force of the same magnitude acts from the wall on
the hand. These forces can be made visible if the two bodies are
separated at the area of contact. Note that the forces act upon

1.5
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two different bodies. Analogously, a body on earth has a certain
weight W due to gravity. However, the body acts upon the earth

Fig. 1.9

with a force of equal magnitude: they attract each other (Fig. 1.9b).
In short:

The forces that two bodies exert upon each other are of the
same magnitude but of opposite directions and they lie on
the same line of action.

This principle, which Newton succinctly expressed in Latin as

actio = reactio

is the third of Newton’s axioms (cf. Volume 3). It is valid for long-
range forces as well as for short-range forces, and it is independent
of whether the bodies are at rest or in motion.

1.6 Dimensions and Units

In mechanics the three basic physical quantities length, time and
mass are considered. Force is another important element that is
considered; however, from a physical point of view, force is a deri-
ved quantity. All other mechanical quantities, such as velocity, mo-
mentum or energy can be expressed by these four quantities. The
geometrical space where mechanical processes take place is three-
dimensional. However, as a simplification the discussion is limited
sometimes to two-dimensional or, in some cases, one-dimensional
problems.
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Associated with length, time, mass and force are their dimen-
sions [I], [t], [M] and [F]. According to the international ST unit
system (Systéme International d’Unités), they are expressed using
the base units meter (m), second (s) and kilogram (kg) and the
derived unit newton (N). A force of 1 N gives a mass of 1 kg the
acceleration of 1 m/s*: 1N =1kgm/s%. Volume forces have the di-
mension force per volume [F/I3] and are measured, for example,
as a multiple of the unit N/m3. Similarly, area and line forces
have the dimensions [F/I?] and [F/I] and the units N/m? and
N/m, respectively.

The magnitude of a physical quantity is completely expres-
sed by a number and the unit. The notations F' = 17N or | =
3m represent a force of 17 newtons or a distance of 3 meters,
respectively. In numerical calculations units are treated in the
same way as numbers. For example, using the above quantities,
F-1l=17N-3m =17 - 3Nm = 51 Nm. In physical equations,
each side and each additive term must have the same dimension.
This should always be kept in mind when equations are formulated
or checked.

Very large or very small quantities are generally expressed by
attaching prefixes to the units meter, second, newton, and so forth:
k (kilo = 10%), M (mega = 10°), G (giga = 10°) and m (milli
= 1073), p (micro = 107°), n (nano = 1077), respectively; for
example: 1kN = 103 N.

Table1.1
U.S. Customary Unit SI Equivalent
Length 1 ft 0.3048 m
lin (12in =1 ft) 25.4 mm
lyd (1yd=3t) 0.9144 m
1 mi 1.609344 km
Force 11b 4.4482 N

Mass 1 slug 14.5939 kg
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In the U.S. and some other English speaking countries the U.S.
Customary system of units is still frequently used although the
SI system is recommended. In this system length, time, force and
mass are expressed using the base units foot (ft), second (s), pound
(Ib) and the derived mass unit, called a slug: 1 slug = 1 1bs?/ft.
As division and multiples of length the inch (in), yard (yd) and
mile (mi) are used. In Table 1.1 common conversion factors are
listed.

1.7 Solution of Statics Problems, Accuracy

To solve engineering problems in the field of mechanics a careful
procedure is required that depends to a certain extent on the type
of the problem. In any case, it is important that engineers express
themselves clearly and in a way that can be readily understood
since they have to present the formulation as well as the solution
of a problem to other engineers and to people with no engineering
background. This clarity is equally important for one’s own pro-
cess of understanding, since clear and precise formulations are the
key to a correct solution. Although, as already mentioned, there is
no fixed scheme for handling mechanical problems, the following
steps are usually necessary:

1. Formulation of the engineering problem.

2. Establishing a mechanical model that maps all of the essential
characteristics of the real system. Considerations regarding the
quality of the mapping.

3. Solution of the mechanical problem using the established mo-
del. This includes:

— Identification of the given and the unknown quantities. This
is usually done with the aid of a sketch of the mechanical
system. Symbols must be assigned to the unknown quanti-
ties.

— Drawing of the free-body diagram with all the forces acting
on the system.

— Formulation of the mechanical equations, e.g. the equilibri-
um conditions.
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— Formulation of the geometrical relationships (if needed).

— Solving the equations for the unknowns. It should be ensured
in advance that the number of equations is equal to the
number of unknowns.

— Display of the results.

4. Discussion and interpretation of the solution.

In the examples given in this textbook, usually the mechanical
model is provided and Step 3 is concentrated upon, namely the
solution of mechanical problems on the basis of models. Neverthe-
less, it should be kept in mind that these models are mappings of
real bodies or systems whose behavior can sometimes be judged
from daily experience. Therefore, it is always useful to compare
the results of a calculation with expectations based on experience.

Regarding the accuracy of the results, it is necessary to dis-
tinguish between the numerical accuracy of calculations and the
accuracy of the model. A numerical result depends on the pre-
cision of the input data and on the precision of our calculation.
Therefore, the results can never be more precise than the input
data. Consequently, results should never be expressed in a manner
that suggests a non-existent accuracy (e.g., by many digits after
the decimal point).

The accuracy of the result concerning the behavior of the real
system depends on the quality of the model. For example, the
trajectory of a stone that has been thrown can be determined
by taking air resistance into account or by disregarding it. The
results in each case will, of course, be different. It is the task of the
engineer to develop a model in such a way that it has the potential
to deliver the accuracy required for the concrete problem.
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1.8 Summary

e Statics deals with bodies that are in equilibrium.

e A force acting on a rigid body can be represented by a vector

that can be displaced arbitrarily along its line of action.

An active force is prescribed by a law of physics. Example: the
weight of a body due to earth’s gravitational field.

A reaction force is induced by the constrained freedom of mo-
vement of a body.

Method of sections: reaction forces and internal forces can be
made visible by virtual cuts and thus become accessible to an
analysis.

Free-body diagram: representation of all active forces and reac-
tion forces which act on an isolated body. Note: mobile parts
of the body can be regarded as being “frozen” (principle of
solidification).

e Law of action and reaction: actio = reactio.

e Basic physical quantities are length, mass and time. The force

is a derived quantity: 1 N= 1kgm/s.

In mechanics idealized models are investigated which have the
essential characteristics of the real bodies or systems. Examples
of such idealizations: rigid body, concentrated force.
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Objectives: In this chapter, systems of concentrated for-
ces that have a common point of application are investigated. Such
forces are called concurrent forces. Note that forces always act on
a body; there are no forces without action on a body. In the case
of a rigid body, the forces acting on it do not have to have the
same point of application; it is sufficient that their lines of action
intersect at a common point. Since in this case the force vectors are
sliding vectors, they may be applied at any point along their lines
of action without changing their effect on the body (principle of
transmissibility). If all the forces acting on a body act in a plane,
they are called coplanar forces.

Students will learn in this chapter how to determine the re-
sultant of a system of concurrent forces and how to resolve force
vectors into given directions. They will also learn how to cor-
rectly isolate the body under consideration and draw a free-body
diagram, in order to be able to formulate the conditions of equi-
librium.



2.1  Addition of Forces in a Plane 21

2.1 Addition of Forces in a Plane

Consider a body that is subjected to two forces F'; and F'5, whose
lines of action intersect at point A (Fig.2.1a). It is postulated that
the two forces can be replaced by a statically equivalent force R.
This postulate is an axiom; it is known as the parallelogram law of
forces. The force R is called the resultant of F1 and F'5. It is the
diagonal of the parallelogram for which F; and F'5 are adjacent
sides. The axiom may be expressed in the following way:

The effect of two nonparallel forces F'; and F'5 acting at a
point A of a body is the same as the effect of the single force
R acting at the same point and obtained as the diagonal of
the parallelogram formed by F'; and Fs.

The construction of the parallelogram is the geometrical represen-
tation of the summation of the vectors (see Appendix A.1):

R=F,+F,. (2.1)

Fig.2.1 a b

Now consider a system of n forces that all lie in a plane and who-
se lines of action intersect at point A (Fig.2.2a). Such a system is
called a coplanar system of concurrent forces. The resultant can
be obtained through successive application of the parallelogram
law of forces. Mathematically, the summation may be written in
the form of the following vector equation:

R=F,+Fy+...+F,=) F;. (2.2)

Since the system of forces is reduced to a single force, this process
is called reduction. Note that the forces that act on a rigid body

2.1
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Fig. 2.2

are sliding vectors. Therefore, they do not have to act at point A;
only their lines of action have to intersect at this point.

It is not necessary to draw the complete parallelogram to gra-
phically determine the resultant; it is sufficient to draw a force
triangle, as shown in Fig.2.1b. This procedure has the disadvan-
tage that the lines of action cannot be seen to intersect at one
point. This disadvantage, however, is more than compensated for
by the fact that the construction can easily be extended to an ar-
bitrary number of n forces, which are added head-to-tail as shown
in Fig.2.2b. The sequence of the addition is arbitrary; in parti-
cular, it is immaterial which vector is chosen to be the first one.
The resultant R is the vector that points from the initial point a
to the endpoint b of the force polygon.

It is appropriate to use a layout plan (also called layout dia-
gram) and a force plan (also denoted a vector diagram) to solve
a problem graphically. The layout plan represents the geometri-
cal specifications of the problem; in general, it has to be drawn
to scale (e.g., lecm=1m). In the case of a system of concurrent
forces, it contains only the lines of action of the forces. The force
polygon is constructed in a force plan. In the case of a graphical
solution, it must be drawn using a scale (e.g., lecm =10N).

Sometimes problems are solved with just the aid of a sketch of
the force plan. The solution is obtained from the force plan, for
example, by trigonometry. It is then not necessary to draw the
plan to scale. The corresponding method is partly graphical and
partly analytical and can be called a “graphic-analytical” meth-
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od. This procedure is applied, for example, in the Examples 2.1
and 2.4.

Example 2.1 A hook carries two forces F; and F5, which define
the angle o (Fig.2.3a).
Determine the magnitude and direction of the resultant.

Fig. 2.3

Solution Since the problem will be solved by trigonometry (and
since the magnitudes of the forces are not given numerically), a
sketch of the force triangle is drawn, but not to scale (Fig. 2.3b).
We assume that the magnitudes of the forces F; and Fs and
the angle o are known quantities in this force plan. Then the
magnitude of the resultant follows from the law of cosines:

R*=F!+F} —2F Fycos(m — a)
or
R= \/F12 + F2 +2F Fycosa.
The angle 5 gives the direction of the resultant R with respect to

the force Fy (Fig.2.3b). The law of sines yields
sin 8 Fy

sin(r—a) R’
Introducing the result for R and using the trigonometrical relation
sin (m — &) = sina we obtain
F sin o

sin 8 = .
f VFY 4+ F} 4+ 2F Fycosa

E2.1
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m Students may solve this problem and many others concerning
the addition of coplanar forces with the aid of the TM-Tool “Re-

sultant of Systems of Coplanar Forces” (see screenshot). This and
other TM-Tools can be found at the web address given in the
Preface.

Applet

Neve Kratt inzutuegen] Loesung elngeben] Luesung ueberpruefen] Al Krasfte entrernen] Letzte krart entternen] nfo

Applet started!

E2.2 Example 2.2 An eyebolt is subjected to four forces (F; = 12kN,
Fy, = 8kN, F3 = 18kN, Fy = 4kN) that act under given angles
(a1 = 45°, ap = 100°, a3 = 205°, g = 270°) with respect to the
horizontal (Fig. 2.4a).
Determine the magnitude and direction of the resultant.

5kN
—

layout plan force plan

Fig. 2.4

Solution The problem can be solved graphically. First, the layout
plan is drawn, showing the lines of action fi,..., f4 of the forces
Fy, ..., F, with their given directions a, ..., ay (Fig.2.4b). Then
the force plan is drawn to a chosen scale by adding the given



2.2 Decomposition of Forces in a Plane, Representation in Cartesian Coordinates

vectors head-to-tail (see Fig.2.4c and compare Fig. 2.2b). Within
the limits of the accuracy of the drawing, the result

R=105kN, ap=155°

is obtained. Finally, the action line r of the resultant R is drawn
into the layout plan.

There are various possible ways to draw the force polygon. De-
pending on the choice of the first vector and the sequence of the
others, different polygons are obtained. They all yield the same
resultant R.

2.2 Decomposition of Forces in a Plane,
Representation in Cartesian Coordinates

Instead of adding forces to obtain their resultant, it is often de-
sired to replace a force R by two forces that act in the directions
of given lines of action f; and fo (Fig. 2.5a). In this case, the force
triangle is constructed by drawing straight lines in the directions
of f1 and f5 through the initial point and the terminal point of R,
respectively. Thus, two different force triangles are obtained that
unambiguously yield the two unknown force vectors (Fig. 2.5b).

FQ {‘~~~€'1
4

a b
Fig. 2.5

The forces F'; and F'5 are called the components of R in the
directions f; and fs, respectively. In coplanar problems, the de-
composition of a force into two different directions is unambi-
guously possible. Note that the resolution into more than two di-
rections cannot be done uniquely: there are an infinite number of

2.2
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ways to resolve the force.

Yy F, F
1
—-——— =

e
Yy
—_—
€z x

It is usually convenient to resolve forces into two components
that are perpendicular to each other. The directions of the com-
ponents may then be given by the axes x and y of a Cartesian
coordinate system (Fig.2.6). With the unit vectors e, and e, the
components of F are then written as (compare Appendix A.1)

Fig. 2.6

F,=F,e,, F,=F,e, (2.3)
and the force F' is represented by
F=F,+F,=F,e;+F,ey,. (2.4)

The quantities F, and Fy are called the coordinates of the vector
F'. Note that they are also often called the components of F', even
though, strictly speaking, the components of F' are the vectors
F, and F,. As mentioned in Section 1.2, a vector will often be
referred to by writing simply F' (instead of F') or F, (instead of
F,), especially when this notation cannot lead to confusion (see,
for example, Figs. 1.1 and 1.2).
From Fig. 2.6, it can be found that

F, = Fcosa, Fy=Fsina,
F, (2.5)
F :\/F§+Fy?, tana:FgE.

In the following, it will be shown that the coordinates of the re-
sultant of a system of concurrent forces can be obtained by simply
adding the respective coordinates of the forces. This procedure is
demonstrated in Fig. 2.7 with the aid of the example of two forces.
The z- and y-components, respectively, of the force F'; are desi-
gnated with F;, = Fi; e, and Fy, = F;, e,. The resultant then
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Fig. 2.7
can be written as
R=R,e,+Ryey=F1+Fy=F i, +F,+Fy +F»,

= Figex+Fiyey+Foy ep+Foy ey =(Fip+Fa) ep+ ([Fry+ Foyey .
Hence, the coordinates of the resultant are obtained as
Ry =Fig+Foy, Ry=Fi,+Fy.
In the case of a system of n forces, the resultant is given by
R=R,e, +R e, = ZFi = Z(Fizew + Fiy ey)
= (Z Fm) e, + (Z Fly) ey (2.6)

and the coordinates of the resultant R follow from the summation
of the coordinates of the forces:

Re=) Fu, Ry=) Fy. (2.7)

The magnitude and direction of the resultant are given by (com-
pare (2.5))

R
R:\/R,%—FR%/, tanaR:Ry. (2.8)

In the case of a coplanar force group, the two scalar equations
(2.7) are equivalent to the vector equation (2.2).

27
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E2.3 Example 2.3 Solve Example 2.2 with the aid of the representation
of the vectors in Cartesian coordinates.

Fig.2.8

Solution We choose the coordinate system shown in Fig. 2.8, such
that the z-axis coincides with the horizontal. The angles are mea-
sured from this axis. Then, according to (2.7), the coordinates

Ry = Fip + Foy + F3p + Fyg
= F} cosaq + Fscosag + F3cosasg + Fy cosay
= 12c0s45° + 8 cos 100° 4 18 cos 205° + 4 cos 270°
= —9.22kN

and
Ry = Fiy+ Foy + F3y + Fuyy
= Fisinaq +Fysinas+ Fssinag+ Fysin ay = 4. 76 KN

are obtained. The magnitude and direction of the resultant follow
from (2.8):

R= \/Rg. +R2 = 1/9.222 + 4.76% = 10.4kN,

R 4.76 o
tana, = RZ =999~ -0.52 — o, =152.5°.
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2.3 Equilibriumin a Plane

We now investigate the conditions under which a body is in equi-
librium when subjected to the action of forces. It is known from
experience that a body that was originally at rest stays at rest if
two forces of equal magnitude are applied that have the same line
of action and are oppositely directed (Fig.2.9). In other words:

Two forces are in equilibrium if they are oppositely directed
on the same line of action and have the same magnitude.

This means that the sum of the two forces, i.e., their resultant,
has to be the zero vector:

R=F, +F,=0. (2.9)

Fy=—F, ’ F,

Fig.2.9 Fig.2.10

It is also known from Section 2.1 that a system of n concurrent
forces F'; can always unambiguously be replaced by its resultant

R=)F;.

Therefore, the equilibrium condition (2.9) can immediately be ex-
tended to an arbitrary number of forces. A system of concurrent
forces is in equilibrium if the resultant is zero:

R=) F;=0. (2.10)

2.3
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The geometrical interpretation of (2.10) is that of a closed force
polygon, i.e., the initial point a and the terminal point b have to
coincide (Fig.2.10).

The resultant force is zero if its components are zero. There-
fore, in the case of a coplanar system of forces, the two scalar
equilibrium conditions

Y Fu=0, Y F,=0 (2.11)

are equivalent to the vector condition (2.10), (compare (2.7)).
Thus, a coplanar system of concurrent forces is in equilibrium
if the sums of the respective coordinates of the force vectors (here
the z- and y-coordinates) vanish.

Consider a problem where the magnitudes and/or the directi-
ons of forces need to be determined. Since we have two equilibrium
conditions (2.11), only two unknowns can be calculated. Problems
that can be solved by applying only the equilibrium conditions are
called statically determinate. If there are more than two unknowns,
the problem is called statically indeterminate. Statically indeter-
minate systems cannot be solved with the aid of the equilibrium
conditions alone.

Before the equilibrium conditions for a given problem are writ-
ten down, a free-body diagram must be constructed. Therefore,
the body in consideration must be isolated by imaginary cuts, and
all of the forces acting on this body (known and unknown forces)
must be drawn into the diagram. Only these forces should appe-
ar in the equilibrium conditions. Note that the forces exerted by
the body to the surroundings are not drawn into the free-body
diagram.

To solve a given problem analytically, it is generally necessary
to introduce a coordinate system. In principle, the directions of
the coordinate axes may be chosen arbitrarily. However, an appro-
priate choice of the axes may save computational work. To apply
the equilibrium conditions (2.11), it suffices to determine the coor-
dinates of the forces; in coplanar problems, the force vectors need
not be written down explicitly (compare, e.g., Example 2.4).
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2.4 Examples of Coplanar Systems of Forces

To be able to apply the above theory to specific problems, a few
idealisations of simple structural elements must be introduced. A
structural element whose length is large compared to its cross-
sectional dimensions and that can sustain only tensile forces in
the direction of its axis, is called a cable or a rope (Fig.2.11a).
Usually the weight of the cable may be neglected in comparison
to the force acting in the cable.

S cable S S bar in tension S
a
pulley
S bar in compression S
a -

Fig. 2.11

Often a cable is guided over a pulley (Fig.2.11b). If the bearing
friction of the pulley is negligible (ideal pulley), the forces at both
ends of the cable are equal in magnitude (see Examples 2.6, 3.3).

A straight structural member with a length much larger than
its cross-sectional dimensions that can transfer compressive as well
as tensile forces in the direction of its axis is called a bar or a rod
(Fig.2.11c) (compare Section 5.1.1).

As explained in Section 1.5, the force acting at the point of
contact between two bodies can be made visible by separating
the bodies (Fig.2.12a, b). According to Newton’s third law (ac-
tio =reactio) the contact force K acts with the same magnitude
and in an opposite direction on the respective bodies (Fig. 2.12b).
It may be resolved into two components, namely, the normal for-
ce N and the tangential force T, respectively. The normal force
is perpendicular to the plane of contact, whereas the tangential
force lies in this plane. If the two bodies are merely touching each
other (i.e., if no connecting elements exist) they can only be pres-
sed against each other (pulling is not possible). Hence, the normal
force is oriented towards the interior of the respective body. The
tangential force is due to an existing roughness of the surfaces of

2.4
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body @

Fig. 2.12

the bodies. In the case of a completely smooth surface of one of
the bodies (= idealisation), the tangential force T' vanishes. The
contact force then coincides with the normal force .

Example 2.4 Two cables are attached to an eye (Fig.2.13a). The
directions of the forces F} and F, in the cables are given by the
angles a and .

Determine the magnitude of the force H exerted from the wall
onto the eye.

Fig.2.13

Solution The free-body diagram (Fig.2.13b) is drawn as the first
step. To this end, the eye is separated from the wall by an imagi-
nary cut. Then all of the forces acting on the eye are drawn into
the figure: the two given forces F; and F> and the force H. These
three forces are in equilibrium. The free-body diagram contains
two unknown quantities, namely, the magnitude of the force H
and the angle 7.
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The equilibrium conditions are formulated and solved in the
second step. We will first present a “graphic-analytical” solution,
i.e., a solution that is partly graphical and partly analytical. To
this end, the geometrical condition of equilibrium is sketched: the
closed force triangle (Fig.2.13c). Since trigonometry will now be
applied to the force plan, it need not be drawn to scale. The law
of cosine yields

H= \/F12 + F2 — 2F 1 F>cos(a+ f) .

The problem may also be solved analytically by applying the
scalar equilibrium conditions (2.11). Then we choose a coordinate
system (see Fig.2.13b), and the coordinates of the force vectors
are determined and inserted into (2.11):

Zszo: Fysina+ Fysin B — Hcosy =0
— Hcosy=Fysina+ Fysinf,

Zﬂy:(): — Ficosa—+ Fycos 83— Hsiny =0
— Hsiny= —Fycosa+ Fycosf.

These are two equations for the two unknowns H and ~. To obtain
H, the two equations are squared and added. Using the trigono-
metrical relation

cos(a+ ) = cosacos f — sin asin 8
yields
H? = F! + F} —2F) Fycos(a+ ).

This result, of course, coincides with the result obtained above.

Example 2.5 A wheel with weight W is held on a smooth inclined
plane by a cable (Fig.2.14a).

Determine the force in the cable and the contact force between
the plane and the wheel.

E2.5
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Fig.2.14

Solution The forces acting at the wheel must satisfy the equilib-
rium condition (2.10). To make these forces visible, the cable is
cut and the wheel is separated from the inclined plane. The free-
body diagram (Fig. 2.14b) shows the weight W, the force S in the
cable (acting in the direction of the cable) and the contact force
N (acting perpendicularly to the inclined plane: smooth surface,
T = 0!). The three forces S, N and W are concurrent forces; the
unknowns are S and N.

First, we solve the problem by graphic-analytical means by
sketching (not to scale) the geometrical equilibrium condition,
namely, a closed force triangle (Fig. 2.14c). The law of sines yields

sin o sin o
S:Wsin(g—l—ﬁ—a) :Wcos(a—ﬁ)’
_ sin( —B) cos
N_Wsin(ngﬁfa) _Wcos(afﬂ)'

To solve the problem analytically with the aid of the equi-
librium conditions (2.11), we choose a coordinate system (see
Fig.2.14Db). Inserting the coordinates of the forces into (2.11) leads
to two equations for the two unknowns:

S Fip =0 : Scosf— Nsina=0,
> Fy=0: SsinB+Ncosa—W =0.

Their solution coincides with the solution given above.



2.4 Examples of Coplanar Systems of Forces 35

Example 2.6 Three boxes (weights W7, W5 and W3) are attached
to two cables as shown in Fig. 2.15a. The pulleys are frictionless.
Calculate the angles a; and as in the equilibrium configuration.

V7

Yy
w, |2
aq b Qa2
A z
Ws ¥
a b
Fig.2.15

Solution First, point A is isolated by passing imaginary cuts ad-
jacent to this point. The free-body diagram (Fig.2.15b) shows the
forces acting at A; the angles «; and o are unknown. Then the
coordinate system shown in Fig. 2.15b is chosen and the equilib-
rium conditions are written down. In plane problems, we shall
from now on adopt the following notation: instead of > F;; = 0
and > F;, = 0, the symbols —: and 1 :, respectively, will be used
(sum of all force components in the directions of the arrows equal
to zero). Thus,

— — Wi cosay + Wycosag =0,

T Wisinag + Wasinag — W3 =0.

To compute a;, the angle as is eliminated by rewriting the equa-
tions:

Wi cosay = Wscosas,
Wisinay — W3 = — Wasinas .

Squaring these equations and then adding them yields

Wi+ Wi — W3
2W, Wa '

sinag =

E2.6
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Similarly, we obtain

Wi+ Wi — W
2 Wy Ws '

sin ag =

A physically meaningful solution (i.e., an equilibrium configura-
tion) exists only for angles oy and as satisfying the conditions
0 < a1, as < 7/2. Thus, the weights of the three boxes must be
chosen in such a way that both of the numerators are positive and
smaller than the denominators.

E2.7 Example 2.7 Two bars 1 and 2 are attached at A and B to a wall
by smooth pins. They are pin-connected at C' and subjected to a
weight W (Fig. 2.16a).

Calculate the forces in the bars.

A
w
a 1 S1
S2
C
[e5) C
2 W
B 1074
a b C
7z
Yy
S1
S
S1 ! o1
C C
-~ x
= 52 Sa 5, @2
w W
d e

Fig. 2.16

Solution Pin C is isolated by passing cuts through the bars. The
forces that act at C' are shown in Fig. 2.16d.
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First, the graphical solution is indicated. The layout plan is
presented in Fig. 2.16b. It contains the given lines of action w, s;
and sg (given by the angles ay and az) of the forces W, Sy and
Sa, which enables us to draw the closed force triangle (equilibrium
condition!) in Fig. 2.16¢. To obtain the graphical solution it would
be necessary to draw the force plan to scale; in the case of a
graphic-analytical solution, no scale is necessary. The law of sines
then yields

S =W sin g S W sin o .

sin(a + aw) sin(ag + a9)

The orientation of the forces S; and So can be seen in the force
plan. This plan shows the forces that are exerted from the bars
onto pin C. The forces exerted from the pin onto the bars have
the same magnitude; however, according to Newton’s third law
they are reversed in direction (Fig. 2.16d). It can be seen that bar
1 is subject to tension and that bar 2 is under compression.

The problem will now be solved analytically with the aid of the
equilibrium conditions (2.11). The free-body diagram is shown in
Fig. 2.16e. The lines of action of the forces S; and Ss are given. The
orientations of the forces along their action lines may, in principle,
be chosen arbitrarily in the free-body diagram. It is, however,
common practice to assume that the forces in bars are tensile
forces, as shown in Fig.2.16e (see also Sections 5.1.3 and 6.3.1).
If the analysis yields a negative value for the force in a bar, this
bar is in reality subjected to compression.

The equilibrium conditions in the horizontal and vertical direc-
tions

—: — Sysina; — Sosinag =0,
T Sicosa; — Sycosas —W =0

lead to
sin g sin o

S1 = Sy = — .
! sin(a; + az) 2 sin(ay + az)

Since S, is negative, the orientation of the vector Ss along its
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action line is opposite to the orientation chosen in the free-body
diagram. Therefore, in reality bar 2 is subjected to compression.

2.5 Concurrent Systems of Forces in Space

It was shown in Section 2.2 that a force can unambiguously be
resolved into two components in a plane. Analogously, a force can
be resolved uniquely into three components in space. As indicated

j\
e, € =

/ ) !
x Fig. 2.17
in Section 1.2, a force F' may be represented by

F=F,+F,+F,=F,e;+F,e,+F.e, (2.12)

in a Cartesian coordinate system z, y, z (Fig. 2.17). The magnitude
and the direction of F' are given by

F= \/F§+F;+FZ2,
e (2.13)

F F
ng, cos 8 = ;, cosy = FZ
The angles o, § and 7 are not independent of each other. If the
first equation in (2.13) is squared and Fj, F,, and F, are inserted
according to the second equation the following relation is obtained:

Cosx =

cos? a + cos? B+ cos®y = 1. (2.14)
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A

Fig.2.18 x

The resultant R of two forces F'; and F's is obtained by con-
structing the parallelogram of the forces (see Section 2.1) which
is expressed mathematically by the vector equation

R=F,+F,. (2.15)

In the case of a spatial system of n concurrent forces (Fig.2.18),
the resultant is found through a successive application of the par-
allelogram law of forces in space. As in the case of a system of
coplanar forces, the resultant is the sum of the force vectors. Math-
ematically, this is written as (compare (2.2))

R=>F;. (2.16)

If the forces F'; are represented by their components F;,, F,
and F;, according to (2.12), we obtain
R=R,e,+Rye,+R.e. =Y (Fiz+ Fiy+Fi.)
= Z(Fzm e, + Fi e, +Fi.e,)
= (Z Fw) e, + (Z Fly) ey + (Z Flz) e,.

The coordinates of the resultant in space are thus given by

Ry=> Fiu, Ry=>» Fy, R.=Y F.. (217
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The magnitude and direction of R follow as (compare (2.13))

R=\/R2+R2+R2, s
E cos fr = COSYR = % .

_ Y
R’ R’

A spatial system of concurrent forces is in equilibrium if the
resultant is the zero vector (compare (2.10)):

R=YF;=o0. (2.19)

This vector equation is equivalent to the three scalar equilibrium
conditions

Y Fu=0, Y Fy=0, ) F.=0, (2.20)

which represent a system of three equations for three unknowns.

Example 2.8 A structure consists of two bars 1 and 2 and a rope
3 (weights negligible). It is loaded in A by a box of weight W
(Fig.2.19a).

Determine the forces in the bars and in the rope.

B

Fig.2.19

Solution We isolate pin A by passing imaginary sections through
the bars and the rope. The internal forces are made visible in the
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free-body diagram (Fig.2.19b); they are assumed to be tensile
forces. The equilibrium conditions are

ZFm:O: S1+ S3cosa =0,
ZFiyzoz So + S3cos3=0, (a)
ZFizzoz Szcosy—W =0.

With the diagonal AB = Va2 + b2 + ¢2, the angles a,  and v
can be taken from Fig.2.19b:

B a B b
cosaf\/a2+b2+62, COSﬂi\/a2+b2+62,
c
cosy = .
7 Va2 4+ b2 + ¢2

This yields
%% _W\/a2+b2—|—02

53: - )
cos "y c

Ccos & a

Slszgcosoz:—W =-W y
cos 7y c
cos b

Sy = —S3cosf=—-W ﬂ:fW .
cos 7y c

The negative signs for the forces in the bars indicate that the bars
are actually in a state of compression; the rope is subjected to
tension. This can easily be verified by inspection.

As can be seen, the geometry of this problem is very simple.
Therefore, it was possible to apply the equilibrium conditions
without resorting to the vector formalism. In the case of a com-
plicated geometry it is, however, recommended that the forces be
written down in vector form. This more formal and therefore safer
way to solve the problem is now presented.

The force vectors

1 0
S1=5110|, Sa2=5||1|, W=W]| 0
0 0 -1
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(represented as column vectors, see Appendix A.1) can easily be
written down. To obtain the vector Sz, we first represent the vec-
tor r which is directed from A to B:

AB)
a
T,g = | b
C

If this vector is divided by its magnitude r,, = va2 + b2 + ¢2,
the unit vector

1
Can = Va2 + b2+ 2
c

in the direction from A to B is obtained. The force vector S3 has
the same direction; it is therefore given by

a

S3

S3:SSeAB = \/a2+b2+02

c
The equilibrium condition > F; = 0, i.e.,

S1+8S,+S35+W=0

reads
1 0 g a 0 0
S +S | 1|+ ’ W =
110 2 Va2 + b2 4 &2 0 0
0 0 c -1 0
Evaluation yields
aSy,
Fm:O S + :0,
Z ! Va2 + b2 + ¢2
bS5
Fi =0: S + =0
Z Y 2 Va2 + b2 + 2
S,
ZFiz =0: —-W+ 3 =0
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These equations coincide with equations (a).

Note that the quantities S; are the forces in the bars and in the
rope, respectively, which were assumed to be tensile forces. They
are not the magnitudes of the vectors §;. The determination of the
forces leads to S < 0 and Sz < 0 (bars in compression), whereas
magnitudes of vectors are always non-negative quantities.

Example 2.9 A vertical mast M is supported by two ropes 1 and
2. The force F' in rope 3 is given (Fig.2.20a).
Determine the forces in ropes 1 and 2 and in the mast.

Fig. 2.20

Solution We isolate point C' by passing imaginary cuts through the
ropes and the mast. The internal forces are assumed to be tensile
forces, and are shown in the free-body diagram (Fig. 2.20b). Since
the y, z-plane is a plane of symmetry, the forces S; and S have
to be equal: S; = Sp = S (this may be confirmed by applying the
equilibrium condition in the z-direction). The forces S; and S
are added to obtain their resultant (Fig.2.20c)

S*=2Scosa.

E2.9
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The forces S*, S,; and F act in the y, z-plane (Fig.2.20d). The
equilibrium conditions

> Fiy=0: —S*cosf3+ Fcosy =0,

S F,=0: —S*sinf—S,,— Fsiny=0
yield, after inserting the relation for S*,

s=r_ 7 Sy = — oA+

2cosaccos B’ cos 3

As could be expected, the ropes are subjected to tension (S > 0),
whereas the mast is under compression (S,; < 0).

The special case v = 7/2 is used as a simple check. Then force
F' acts in the direction of the mast, and S = 0 and S,, = — F' are
obtained with cos(7/2) = 0 and sin(8 + 7/2) = cos 5.

2.6 Supplementary Problems

Detailed solutions to most of the following examples are given
in (A) D. Gross et al. Formeln und Aufgaben zur Technischen Me-
chanik 1, Springer, Berlin 2011, or (B) W. Hauger et al. Aufgaben
zur Technischen Mechanik 1-83, Springer, Berlin 2011.

Example 2.10 A hook is subjec- p »
ted to three forces (F; = 180N,
a1 = 450, F2 = 50N, oy =
60°,F5 = 30N) as shown in

Fig. 2.21.
Determine the magnitude Py
and direction of the resultant. ; \4\ a
Qg
/ I £y
Fig.2.21

Results: R=185N, ar=067°.
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Example 2.11 Determine the magni-
tudes F; and F5 of the components
of force F with magnitude F =
5kN in the directions f; and fo
(Fig. 2.22).

Results: F; =3.7kN, F, =2.6kN.

Example 2.12 A smooth sphere
(weight W = 20N, radius r = 20 cm)
is suspended by a wire (length a =
60 cm) as shown in Fig. 2.23.

Determine the magnitude of force
S in the wire.

Result: see (A) S =21.2N.

Example 2.13 Fig.2.24 shows
a freight elevator. The ca-
ble of the winch passes over
a smooth pin K. A crate
(weight W) is suspended at
the end of the cable.

Determine the magnitude
of forces S and Sy in bars 1
and 2.

Supplementary Problems 45
F
45°

30°
J2 N1
Fig. 2.22
=]
~
=
=
=
=
= a
=
=
=
=
=
=
=
=
=
=
=
Fig. 2.23 =

Winch

7,

o ?

Ao

o 2
gl

7

7

7 W
2

5

Fig. 2.24

sin 8 — cos 3

Results: see (B) S1 = sin(a — B3)

W, S;=

cos o — sin o

sin(a — f)

w.

E2.11

E2.12

E2.13
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Example 2.14 A smooth circular cy-
linder (weight W, radius r) touches
an obstacle (height h) as shown in
Fig. 2.25.

Find the magnitude of force F' ne-
cessary to roll the cylinder over the
obstacle.

Result: see (A) F =W tana.

Example 2.15 A large cylinder
(weight 4W, radius 2r) lies on top
of two small cylinders (each having
weight W and radius r) as shown
in Fig.2.26. The small cylinders are
connected by a wire S (length 3r).
All surfaces are smooth.

Determine all contact forces and
the magnitude of force S in the wire.

4

T

Fig. 2.25

CAY

T

T
9 Fig. 2.26

Results: see (A) N; = W, No=3W, S= /3 wW.

V3

Example 2.16 A cable (length [,
weight negligible) is attached to
two walls at A and B (Fig.2.27).
A cube (weight W) on a frictionless
pulley (radius negligible) is suspen-
ded by the cable.

Find the distance d of the cube
from the left side in the equilibrium
position and calculate the force S
in the cable.

Wi

Results: see (B) S = ,
esults (B) QWP — a2
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Example 2.17 A smooth circular cy-
linder (weight W = 500 N) rests
on two fixed supports as shown in
Fig.2.28. It is subjected to a force
F =200 N.

a) Calculate the contact forces.

b) Determine the allowable mag-
nitude of F' in order to avoid the cy-
linder from lifting off.

Results:

Example 2.18 Two cylinders (weights W7 and Ws) are pin-con-

nected by a bar (weight negligi-
ble). They rest on two smooth in-
clined planes as shown in Fig. 2.29.
Given: Wi =200 N, W, = 300 N,
o = 60°.

Calculate the angle ¢ in the
equilibrium position and the cor-
responding force .S in the bar.

Results: ¢ =-19° 5 =229 N.

Example 2.19 A spatial system of concurrent forces consists of the

three forces
1 -9
Fi=a|2]|, Fa=a2| 6
9

o

30
—928 | kN.

44

Their resultant is given by R =

Supplementary Problems 47

E2.17

~

A]i5060°

Fig. 2.28

a) Ny =155 N, N, =566 N, b) Fijiew < 500 N.

E2.18

V[’rl

Fig. 2.29

E2.19

8
-7
1

, Fs3=as

Determine the unknown constants aj, as, as, the magnitudes
of the forces F'y, Fs, F'35 and the angle a between F'3 and F's.

Results:

(selected values) a1 = 2 kN, ag =4 kN, o = 134.3°.
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Example 2.20 A smooth sphere
(weight W, radius R) rests on three
points A, B and C. These three
points form an equilateral triangle
in a horizontal plane. The height
of the triangle is 3a = i\/?) R (see
Fig. 2.28). The action line of the
applied force F' passes through the Fig. 2.30
center of the sphere.

Determine the contact forces at A, B and C'. Find the force F
required to lift the sphere off at C.

2 1 2 2
Results: A) A=B= w F C= W — F
esults: see (A) 3( +\/3 ), 3( 3 ),

—v3 —V3 2v3

A—A v B—B v C_C v
=4 3 ) =4 -3 | =4 0 )

2 2 2

bV

Example 2.21 The construction shown in Fig. 2.31 consists of three
bars that are pin-
connected at K. A
rope attached to a
wall is guided without
friction through an
eye at K. The free
end of the rope is
loaded with a crate
(weight W).
Calculate the
forces in the bars.

Results: see (B) 51 = W, S;= W, S3=-,W.
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2.7 Summary

The lines of action of a system of concurrent forces intersect
at a point.

The resultant of a system of concurrent forces is given by the
vector R =) F;. In coordinates,

RI:ZFlIa Ry:ZFly; Rz:ZEz

In the case of a coplanar system, the z-components vanish.
Note: the coordinate system may be chosen arbitrarily; an ap-
propriate choice may save computational work.

The equilibrium condition for a system of concurrent forces is
> F; = 0. In coordinates,

Y Fu=0, Y Fy=0, Y F.=0.

In the case of a coplanar problem, the z-components vanish.
In order to solve force problems the following steps are usually
necessary:

o Isolate the body (point).

o Sketch the free-body diagram: introduce all of the forces
exerted on the body; assume the internal forces in bars to
be tensile forces.

¢ Choose a coordinate system.

¢ Formulate the equilibrium conditions (3 equations in spatial
problems, 2 equations in coplanar problems).

¢ Solve the equilibrium conditions.

The force acting at the point of contact between two bodies
can be made visible by separating the bodies. In the case of
smooth surfaces, it is perpendicular to the plane of contact.

2.7
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Objectives: In this chapter general systems of forces are
considered, i.e., forces whose lines of action do not intersect at a
point. For the analysis, the notion moment has to be introduced.
Students should learn how coplanar or spatial systems of forces
can be reduced and under which conditions they are in equilibri-
um. They should also learn how to apply the method of sections
to obtain a free-body diagram. A correct free-body diagram and
an appropriate application of the equilibrium conditions are the
key to the solution of a coplanar or a spatial problem.
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3.1 General Systems of Forces in a Plane

3.1.1 Couple and Moment of a Couple
In Section 2.1 it was shown that a system of concurrent forces
can always be reduced to a resultant force. In the following, it

“/A
Ry

R\ e)
l
K —K
‘4"}F1 al a2 s“
R Fo¥ 'Q
| -

Fig. 3.1 w h \

is demonstrated how the resultant R of two parallel forces F'; and
F5 can be found (Fig.3.1). As a first step, the two forces K and
— K, which have the same line of action, are added. Since they
are in equilibrium they have no effect on a rigid body. Then two
parallelograms (here rectangles) are drawn to obtain the forces
R, = F; + K and Ry = F3 + (—K). These forces, which are
statically equivalent to the given system of parallel forces, repre-
sent a system of concurrent forces. They may be moved along
their respective lines of action (sliding vectors!) to their point of
intersection. There another parallelogram of forces is constructed
that yields the resultant

R=R{+Ry=F{+F,5. (31)

This graphical solution yields the magnitude R of the resultant
as well as the location of its action line. From Fig.3.1 it can be
found that

R=F +F;,
aiq K a9 K (32)

h: = = .
a1 +az, I P’ I jo}
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Thus, the magnitude of the resultant R of the parallel forces is
simply the algebraic sum of the magnitudes of the forces. Equation
(3.2) also yields the principle of the lever by Archimedes

ay F1 = a2 FQ (33)
and the distances
Iy Iy Fy I
= h = h = h = h. 34
“TER+R"TRY T R+R"TR (3-4)

Hence, the method described above always gives the resultant
force and the location of its action line unless the denominator in
(3.4) is zero. In this case the two forces are said to form a couple.

i S

o/

/ Fig. 3.2

A couple consists of two forces having equal magnitude, parallel
action lines and opposite directions (Fig.3.2). In this case the
method to find the resultant fails to work. With Fy, = —F} the
equations (3.2) and (3.4) lead to R = 0 and a3, ag — Fo00. Hence,
a couple can not be reduced to a resultant single force.

Although the resultant force of a couple is zero the couple has
an effect on the body on which it acts: it tends to rotate the body.
Fig. 3.3 shows three examples of couples: a) a wheel which is to
be turned, b) a screw driver acting on the head of a screw and
¢) a “clamped” beam whose free end is twisted. As can be seen,
a couple has a sense of rotation: either clockwise or counterclock-
wise. Similar to the notion of a “concentrated” force the couple is
an idealization which replaces the action of the area forces.

We now investigate the quantities which define a couple and
its properties. The effect of a couple on a rigid body is unambi-
guously determined by its moment. The moment incorporates two
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A
V
h
F ﬂ
7 v /j
F F g
F ‘ F
b ] e
Fig.3.3 a c

quantities: first, its magnitude M which is given by the product
of the perpendicular distance h of the action lines (Fig. 3.2) and
the magnitude F of the forces

M=hF, (3.5)

and, secondly, its sense of rotation. In the figures, the sense of
rotation is represented by a curved arrow (v« or ~). The quanti-
ties magnitude M and sense of rotation v~ indicate that a couple
moment is a vector in three-dimensional space. The moment has
the dimension length times force [l F], and is expressed, for ex-
ample, in the unit Nm. In order to avoid confusion with the unit
mN = Milli-Newton, the sequence of the units of length and force
is exchanged: Nm = Newton-Meter.

Fig. 3.4 shows that a couple with a given moment can be pro-
duced by arbitrarily many different pairs of forces. If the forces K
and —K are added to the given couple (forces F, perpendicular
distance h) a statically equivalent couple is obtained (forces F’,
perpendicular distance h'). The couple moment, i.e., the sense of
rotation and the magnitude of the moment

F
M=WF = (hsina)( _

S o

)=nF
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K’ /S FU

A VF Fig. 3.4

remain unchanged. By successive application of this procedure, a
couple may be moved arbitrarily in the plane without any change
of its moment. Hence, in contrast to a force, a couple is not bound
to a line of action. Therefore, it may be applied at arbitrary points
of a rigid body: it always has the same turning effect.

A couple is uniquely described by its moment. Hence, the two
forces F' and —F in the following are replaced by the couple mo-
ment. In particular, in the figures we shall replace the two forces
by a curved arrow, i.e., v M, as shown in Fig. 3.5. This notati-
on incorporates the magnitude M of the couple moment and the
sense of rotation (curved arrow); it is analogous to the notation
' F (arrow and magnitude of the force).

KQ @) Kﬁ)

Fig. 3.5

The law of action and reaction (Section 1.5) states that every
force has a counteracting force of the same magnitude but opposite
direction. By analogy, every couple moment has a counteracting
couple moment of equal magnitude but with an opposite sense of
rotation. For example, the screwdriver in Fig.3.3b exerts a mo-
ment M = hF on the screw which acts clockwise, whereas the
screw exerts a moment of equal magnitude in the counterclock-
wise direction on the screwdriver.

If several couples act on a rigid body they may be appropriately
moved and rotated and then added to yield a resultant moment
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P O ha . ~
F> C\AF il 2
(Fl )? 7. A ha By

]i«
\5

M:I 1 = (\

Mpg, (Fig. 3.6). The couple moments are added algebraically taking
into account their algebraic signs (given by their respective senses
of rotation):

Fig. 3.6

Mg =Y M. (3.6)

If the sum of the moments is zero, the resultant couple moment,
and therefore the tendency to rotate the body, vanish. Thus, the
equilibrium condition for a system of couple moments is

Mp=> M;=0. (3.7)

3.1.2 Moment of a Force

A force acting on a rigid body is a sliding vector: it may be moved
along its line of action without changing the effect on the body.
With the aid of the notion of the couple moment, we now will
investigate how a force may be moved to a parallel line of action.
Consider in Fig. 3.7 a force F' whose line of action f is assumed to
be moved to the line f’, which is parallel to f and passes through
point 0. The perpendicular distance of the two lines is given by
h. As a first step, the forces F' and —F are introduced on the line
/. These two forces are in equilibrium. One of the forces and the
originally given force (action line f) represent a couple. The cou-
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ple moment is given by its magnitude M(®) = h F and the sense
of rotation. The system consisting of force F' with action line f’
and couple moment M(©) = h F is statically equivalent to force F
with action line f. The quantity M(®) = AF is called the moment
of the force F about (with respect to) point 0. The superscript (0)
indicates the reference point. The perpendicular distance of point
0 from the action line f is called the lever arm of force F with
respect to 0. The sense of rotation of the moment is given by the
sense of rotation of force F' about 0.

MO =pE
f;
Fig.3.7

It should be noted that a couple moment is independent of the
point of reference, whereas the magnitude and sense of rotation
of the moment of a force depend on this point.

Often it is advantageous to replace a force F' by its Cartesian
components F, = F,e, and Fy, = F,e, (Fig.3.8). Adopting
the commonly used sign convention that a moment is positive if
it tends to rotate the body counterclockwise when viewed from
above (v), the moment of the force F' about point 0 in Fig. 3.8 is
given by M(©) = b F. Using the relations

h=xsina — ycosa
and
sina=F,/F, cosa=F,/F

the moment can also be represented as

F, F),
M(O)hF<1;yF>F.’EFnyz. (3.8)
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Fig.3.8 Fig.3.9

Hence, the moment is equal to the sum of the moments of the force
components about 0. Note the senses of rotation of the respective
components: they determine the algebraic signs in the summation.

Consider now two forces F; and Fy and their resultant R
(Fig. 3.9). The moments of the two forces with respect to point 0
are

Ml(o):SCFm*yFu, MQ(O):xF2y7yF2za
and their sum is given by
M1(O)+M2(O) =z (Fiy+Fyy)—y(Flo+Fe) =cvRy—y R, = MI(%O) :

Therefore, it is immaterial whether the forces are added first and
then the moment is determined or if the sum of the individual mo-
ments is calculated. This property holds for an arbitrary number
of forces:

The sum of the moments of single forces is equal to the mo-
ment of their resultant.

3.1.3 Resultant of Systems of Coplanar Forces

Consider a rigid body that is subjected to a general system of
coplanar forces (Fig.3.10). To investigate how this system can be
reduced to a simpler system, a reference point A is chosen and
the action lines of the forces are moved without changing their
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Fig.3.10

directions until they pass through A. To avoid changing the effect
of the forces on the body, the respective moments of the forces
about A must be introduced. Hence, the given general system of
forces is replaced by a system of concurrent forces and a system of
moments. These two systems can be reduced to a resultant force
R with the components R, and R, and a resultant moment M }%A).
According to (2.7) and (3.6), they are given by

Ro=Y Fu, Ry=Y> Fy, M{'=> M™Y. (39)

The magnitude and direction of the resultant force can be calcu-
lated from

R= \/R2 +R2, tana= Ry . (3.10)

x Y Rx

The system of the resultant R (action line through A) and the
moment M }(%A) may be further simplified. It is equivalent to the
single force R alone if the action line is moved appropriately. The
perpendicular distance h (Fig. 3.10) must be chosen in such a way
that the moment MI(%A) equals hR, i.e., hR = MI(%A), which yields

_ Mt

h
R

(3.11)
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It MY = 0 and R # 0, Equation (3.11) gives h = 0. In this
case the action line of the resultant of the general system of forces
passes through A. On the other hand, if R = 0 and MI(%A) #£0,a
further reduction is not possible: the system of forces is reduced to
only a moment (i.e., a couple), which is independent of the choice
of the reference point.

Equations (3.9) to (3.11) can be used to calculate the magnitude
and direction of the resultant as well as the location of its action
line.

Example 3.1 A disc is subjected to four forces as shown in Fig.
3.11a. The forces have the given magnitudes F or 2 F', respectively.

Determine the magnitude and direction of the resultant and
the location of its line of action.

A\ : zF\h x

2F

Fig. 3.11

Solution We choose a coordinate system z,y (Fig.3.11b), and
its origin 0 is taken as the point of reference. According to the
sign convention, positive moments tend to rotate the disk coun-
terclockwise («). Thus, from (3.9) we obtain

Ry =Y F =2Fcos60° + F cos60°
+ Fcos60° — 2 Fcos60° = F,
Ry =) Fy =—2Fsin60° + Fsin60°
+ Fsin60° + 2 Fsin60° = V3 F,
MY ="M =2aF +aF +2aF —aF =4aF,

E3.1
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which yield (see (3.10))
Ry o
R= R+ R =2F, tana= "=V3 — a=60°.

The perpendicular distance of the resultant from point 0 follows
from (3.11):

L Mg _daF _
- R 2r %

3.1.4 Equilibrium Conditions

As shown in Section 3.1.3 a general system of coplanar forces can
be reduced to a system of concurrent forces and a system of mo-
ments with respect to an arbitrary reference point A. The system
of moments consists of the moments of the forces and of possible
couple moments. The systems will be subjected to the conditions
of equilibrium (2.11) and (3.7), respectively. Hence, a rigid body
under the action of a general system of coplanar forces is in equi-
librium if the following equilibrium conditions are satisfied:

S F.=0, Y F,=0, Y M?=o0. (3.12)

The number of equilibrium conditions (three) equals the number
of the possible motions (three) of a body in a coplanar problem:
translations in the z- and y-directions, respectively, and a rotation
about an axis that is perpendicular to the z,y-plane. The body is
said to have three degrees of freedom.

It is now shown that the point of reference in the moment equa-
tion of (3.12) can be chosen arbitrarily. In order to do this, we
formulate the moment equation with respect to point A (see Fig.
3.12):

STM =S {(@i - w4)Fy — (i — ya) Fia}
= Z SCZ'Fiy — ysz) — Ty ZFiy +Ya ZFW (313)
=N M 2, S Fytys Y Fi
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O
Fig.312 B

If the equilibrium conditions (3.12) are satisfied, Equation (3.13)
immediately yields Mi(B) = 0. On the other hand, if > F;, =0,
> Fiyy =0 and ZMZ-(B) = 0, then EMi(A) = 0 also has to be
satisfied. Therefore it is immaterial which point is chosen as the
point of reference.

Instead of using two force conditions and one moment con-
dition, one force condition and two moment conditions may be
applied. Introducing the conditions

S F.=0, Y MM =0, SMP=0 (3.14)

into (3.13), Y° Fi, = 0 is also satisfied if z 4 # 0. Hence, the equi-
librium conditions (3.14) are equivalent to the conditions (3.12) if
the two points A and B are not lying on a straight line (here the
y-axis) that is perpendicular to the direction of the force equilib-
rium (here the z-direction). Similarly, the conditions

also lead to > F;, = 0if y, # 0.
Three points A, B and C may also be chosen and only moment
equations of equilibrium used, as follows:

Su® =0, SMP =0, Y MP=0. (316
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These equations are equivalent to (3.12) if the points A, B and C
are not lying on a straight line. In order to prove this statement
we use (3.13) and the corresponding relation for an arbitrary
point C":

S MM =S MP e S Fytya Y Fu
3 M) = 3 MP — g, S Fytye Y Fio.

Introducing (3.16) yields

24 Fiy+yaY Fu=0, —zcY Fiy+ycY Fia=0,

and eliminating > Fj, and ) Fj,, respectively, leads to

(e zi +ye) > Fu=0, (-wc+ Z yo) S Fiy =0.

Therefore, Y Fi; = 0 and > F;, = 0 is ensured if the terms in the
parentheses are nonzero, i.e., if y , /2 4 # Yo /% . This means that
the points A and C, respectively, must not lie on the same straight
line passing through the origin B of the coordinate system.

In principle, it is irrelevant whether one applies the equilibrium
conditions (3.12), (3.14) or (3.16) to solve a given problem. In
practice, however, it may be advantageous to use one form or the
other.

To apply a moment equilibrium condition (e.g., ZMi(A) =0),
it is necessary to specify a reference point and a positive sense of

(3.17)

rotation (e.g., counterclockwise). In the following, the symbol Q:
is used to signify that the sum of all moments about point A must
be equal to zero and that moments in the direction of the curved
arrow are taken to be positive. This notation is analogous to the
notation for the equilibrium of forces (e.g. —:).

Consider again a general system of coplanar forces. According
to (3.12) and to the results of Section 3.1.3, one can always reduce
the system to one of the following four cases:

1. Resultant does not pass through the reference point A (Fig. 3.13a):
R+#0, MW +£o.
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Fig.3.13

2. Resultant passes through the reference point A (Fig.3.13b):
R+0, MW=0.

3. Couple (independent of the reference point A)(Fig. 3.13c):
R=0, MW=M%+0.

4. Equilibrium (Fig. 3.13d):
R=0, MW=0.

Example 3.2 The beam shown in Fig.3.14a can rotate about its
support (see Chapter 5). It is loaded by two forces Fy and Fy. Its
weight may be neglected.

Determine the location of the support so that the beam is in
equilibrium. Find the force A exerted on the beam from the sup-
port.

Fy Fy Iy Fo
| |

> N

Fig.3.14 a b

Solution The required distance of the support from point 0 is
denoted by a (Fig. 3.14b). The beam is isolated in the free-body
diagram and the force A (= support reaction, see Chapter 5) is
introduced. Since the forces F; and F5 act in the vertical direction
(the horizontal components are zero), force A also has to be verti-
cal. This follows from the equilibrium condition in the horizontal
direction.

The reference point for the equilibrium condition of moments

E3.2



E3.3

66 3 General Systems of Forces, Equilibrium of a Rigid Body

may be chosen arbitrarily. It is, however, practical to choose a
point on the action line of one of the forces. Then the lever arm
of this force is zero and the force does not appear in the moment
equation. If point 0 is chosen, the equilibrium conditions are (the
force equilibrium in the horizontal direction is identically satisfied)

2
TZ A—Fl—FQZO, 0: aA—lF2=O.

This yields

e

1+ r2, a Fi+ F

As a check, point A is chosen as the reference point. Then the
moment equilibrium is given by

2
A: aFlf(lfa)FQ:O,

which leads to the same result as found above.

Example 3.3 A cable is guided over an ideal pulley and subjected
to forces S7 and S5, which act under the given angles o and
(Fig. 3.15a). The two forces are in equilibrium.

If force Sy is given, determine the required force S and the
force exerted at 0 from the support on the pulley.

Fig. 3.15

Solution In order to solve the problem, the pulley is isolated
(Fig. 3.15b). The solution of the first part of the problem is found
with the aid of the equilibrium of moments about point 0. The
force L acting at 0 on the pulley has no lever arm, and in an ideal
pulley there exists no moment induced by friction. Therefore, the
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moment equilibrium condition yields
2
0: rS1—rS5=0 — S =5.

This result is already known from Section 2.4, Fig. 2.11b.

Since the direction of the force L is unknown, it is resolved into
its components, Ly and Ly, in the horizontal and the vertical
directions, respectively. The equilibrium conditions

t: Ly —9Sisina—Ssing =0,
—: Ly —Sicosa+ Sacosff =0
and Sy = S7 lead to the result

Ly =Si(sina+sinf), Ly =Si(cosa—cosp).

In the special case of a = 3, we get Ly, = 2S;sina, Ly = 0. If
a=f=m/2, then L, =25;.

Example 3.4 A homogeneous beam (length 4 a, weight W) is sus-
pended at C' by a rope. The beam touches the smooth vertical
walls at A and B (Fig. 3.16a).

Find the force in the rope and the contact forces at A and B.

a
Fig. 3.16

Solution We isolate the beam by cutting the rope and remov-
ing the two walls. The free-body diagram (Fig.3.16b) shows the

E3.4
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contact forces A and B acting perpendicularly to the planes of con-
tact (smooth walls), the internal force S in the rope and the weight
W (acting at the center of the beam, compare Chapter 4). To for-
mulate the sum of the moments, point C' is chosen as reference
point; the lever arms of the forces follow from simple geometrical
relations. The equilibrium conditions then are given by

T: Scos30°—-—W =0,

—: A—B-—Ssin30°=0,
a0 V2 V2 Vv
C: 9 alA— 9 aW + 9

With cos30° = v/3/2, sin 30° = 1/2 the three unknown forces are
obtained as

2 1 —
g \/3W7 . +4\/3W7 B3 ¢3W.

23aB:0.

Example 3.5 A beam (length | = /27, weight negligible) lies
inside a smooth spherical shell with radius r (Fig.3.17a).

If a weight W is attached to the beam, determine the distance
z from the left end point of the beam required to keep the beam in
equilibrium with the angle @ = 15°. Calculate the contact forces
at A and B.

Solution The free-body diagram (Fig.3.17b) shows the forces ac-
ting on the isolated beam. The contact forces are orthogonal to the
respective contact planes (smooth surfaces). Therefore, they are
directed towards the center 0 of the sphere. The isosceles triangle
0 A B displays a right angle at 0 because of the given lengths r and
I = v/2r. Forces A and B are inclined with angles 60° and 30°,
respectively. If forces A and B are resolved into their components
perpendicular and parallel to the beam, the following equilibrium
conditions are obtained:

+: Asin60° + Bsin30° — W =0,
—:  Acos60° — Bcos30° =0,
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C: —x(Asind5°) 4 (I —z)(Bsin45°) =0.

These are three equations for the three unknowns A, B and x.
The force equations lead to the contact forces (note: sin30° =
cos 60° = 1/2, sin 60° = cos 30° = 1/3/2):

V3 1
A="JW,. B=_ W.

If these results and sin 45° = \/2/2 are introduced into the mo-
ment equation, the required distance is obtained:

B l

T =1 = .
A+B 3+1

The problem may also be solved graphic-analytically. If three
forces are in equilibrium, they must be concurrent forces. Since
the action lines of A and B intersect at 0, the action line of W
also must pass through this point (Fig.3.17¢c). The law of sines is
now applied to the triangle 0 A C. With sin 105° = sin(45°4+60°) =
sin 45° cos 60° 4 cos 45° sin 60° = (v/2/4)(1++/3) and 7 = 1//2 it
leads again to
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., sin30° 1 1/2 o
T sinl105° /2 /2 C1+V3
4

The contact forces A and B are determined from a sketch of the
force plan (not to scale, see Fig. 3.17d):

Vv
2

(1++V3)

A =Wcos30° = 3W, B =Wsin30° = VZV

Example 3.6 A lever (length [) that is subjected to a vertical
force F' (Fig.3.18a) exerts a contact force on a circular cylinder
(radius r, weight ). The weight of the lever may be neglected.
All surfaces are smooth.

Determine the contact force between the cylinder and the floor
if the height & of the step is equal to the radius r of the cylinder.

F
D\
1 E
DERS
2
i
Fig.3.18

Solution The cylinder and the lever are isolated and the contact
forces A to E, which are perpendicular to the planes of contact at
the respective points of contact, are introduced (Fig. 3.18b). Note
that the floor and the lever represent the planes of contact at D
and FE, respectively. The equilibrium conditions for the lever are
given by

- c-""E=o,
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2 P
—é C’+\é E-F=0,

0 %27’(17 *g2>0—\/2h13+

T D

%

2
lF =
9 0

and equilibrium at the cylinder (concurrent forces) requires

—:  A-

2
T: B+ \g Cc-W=0.
These are five equations for the five unknown forces A to E. With

h = r, they yield the contact force at point B:

l
B=W - F.
2r
In the case of F' = (2r/1)W, contact force B vanishes. For larger

values of F there is no equilibrium: the cylinder will be lifted.

3.2 General Systems of Forces in Space

3.2.1 The Moment Vector

In order to investigate general systems of forces in space, the mo-
ment vector is now introduced. To this end, the coplanar problem
that was already treated in Section 3.1.2 (see Fig. 3.8) is reconsi-
dered in Fig. 3.19. The force F', which acts in the z,y-plane, has
a moment M) about point 0. With F, = F} e, etc., it is given
by

MO =hF=xF,—yF, (3.18)

(compare (3.8)). The algebraic sign (positive sense of rotation) is
chosen as in Section 3.1.2. The subscript z indicates that MZ(O)
exerts a moment about the z-axis.

The two quantities (magnitude and sense of rotation) by which

3.2
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a couple is defined in coplanar problems may be expressed mathe-
matically by the moment vector

MO = pOe, . (3.19)

The vector M (ZO) points in the direction of the z-axis. It incor-
porates the magnitude M,EO) and the positive sense of rotation.
The positive sense of rotation is determined by the right-hand
rule (corkscrew rule): if we look in the direction of the positive
z-axis, a positive moment tends to rotate the body clockwise.

In order to distinguish between force vectors and moment
vectors in the figures, a moment vector is represented with a
double head, as shown in Fig. 3.19. Note: force vectors and mo-
ment vectors have different dimensions; therefore they can never
be added.

Fig. 3.19 Fig. 3.20

In coplanar problems, the body can only be rotated about the z-
axis. Therefore, the moment vector has only the component M 750).
In spatial systems, there are three possibilities of rotation (about
the three axes z, y and z). Hence, the moment vector has the
three components M;O), ngo) and MZ(O):

MO =M e, + MO e, +Me.. (3.20)

Fig. 3.20 shows that the components, i.e., the moments about the
coordinate axes, are obtained as follows:
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MO =yF.—z2F,, M{") = 2F,—aF., M{") = 2F,—yF,. (3.21)
The magnitude and direction of the moment vector are given by

MO = MO = M) 4 [ + (M)

3.22
MY MY - MO (3:22)
cosa = NOR cosff = R cosy = MO

Formally, the moment vector M(®) may be represented by the
vector product

MO =¢xF, (3.23)

where vector 7 is the position vector pointing from the reference
point 0 to the point of application of force F', i.e., to an arbitrary
point on the action line of F. With

r=xze,+ye,+ze,, F=Fe +Fe,+F,e,

and the following cross-products (compare Appendix A.1),

e, xe, =0, e, X e, =e,, e, X e, =—ey,
e, X e, =—e,, e xe =0, e, X e, =e;,
e, Xe, =ey, e, xXe;,=—€;, e, xe, =0

equation (3.23) yields

MO = (xeys +yey,+ze,) x (Frey,+Fyey,+ F.e;)
=WF.—zF)e,+(2F,—aF,)e, + (¢ Fy—yFy)e,
=MVe,+ MV e, + MPe.. (3.24)

According to the properties of a cross-product, the moment vec-
tor M) is perpendicular to the plane determined by = and F

(Fig. 3.21). Its magnitude is numerically equal to the area of the
parallelogram formed by r and F':

MO = Fsing=hF. (3.25)
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Hence, the moment is equal to the product of the lever arm h and
the force F.

Fig.3.21 Fig.3.22

The moment of a couple in space (Fig. 3.22) may be represented
by the same formalism. Here,

M=rxF. (3.26)

The vector r points from an arbitrary point on the action line of
—F to an arbitrary point on the action line of F'. As before, the
moment vector M is orthogonal to the plane determined by r and
F'. Tts sense of rotation follows from the rule of the right-handed
screw and its magnitude is numerically equal to the area of the
parallelogram formed by 7 and F (lever arm times force):

M=hF. (3.27)

The properties of couple moments and of moments of a force in
space correspond to their properties in coplanar problems. In a
plane, couple moments may be moved without changing the effect
on a rigid body. In space, the vector of a couple moment can
be moved parallel to its line of action and along this line without
changing the effect. Whereas the force vector is bound to its action
line (sliding vector) the vector of a couple moment is a free vector.

If a body in space is subjected to several couple moments M ;,
the resultant moment Mg is obtained as the vector sum

Mg =Y M;, (3.28)
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which reads in components
Mp, =Y My, Mp, =Y My, Mg, => M. (3.29)

If the sum of the moments is zero, the resulting moment Mg
and hence the rotational effect on the body vanishes. Then the
moment equilibrium condition

Mr=)» M;=0 (3.30)

is satisfied. In components,

> Mip=0, > My=0, Y My.=0. (3.31)

Example 3.7 A rope passes over an ideal pulley as shown in Fig.
3.23a. It carries a crate with weight W and is held at point C.
The radius of the pulley may be neglected.

Determine the resultant moment of the forces in the rope about
point A.

Solution The internal forces S; and Ss in the rope are made visible
by cuts through the rope. Their action on point B of the structure
is shown in Fig. 3.23b. Since the bearing friction of the pulley is
negligible (ideal pulley) both forces are equal, and equilibrium at
the crate yields S; = Sy = W.

To represent the moments of the forces, a coordinate system is
introduced. Moment M gA) of force S; about A (represented as a
column vector) has a component only in the z-direction:

MgA) = 0| aW. (a)

Moment M ;A) of force S may be obtained with the aid of the

E3.7
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a B
r
z ""AB BC
2a B C
N Tac
S1 R A
sal g RN ¢
4a
Al ¢
[ a
/ %% \..
r (7
b Fig.3.23
cross-product (see (3.23))
MY =r,  x8,. (b)

The vector r, ., from reference point A to the point of application
B of force S5 is given by

r..=|21|a. (c)

The force S5 may be represented by its magnitude S; = W
and the unit vector e, which points in the direction of S, i.e.,
S2 = S5 ey. To obtain vector es, we first give vector 7, which
points from B to C (see Fig. 3.23c):

-1 0 -1

Toc =Tuc — Tap = 4 1la—|2]a= 2| a.
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If this vector is divided by its magnitude |r,|, the unit vector es
is obtained:

-1 -1
Tho 1 1
eo = = 21 a= 2
T el T av1l+4+4
-2 -2
Therefore,
1 71
SQ = SQ ey, = 2 w. (d)
3 -2

With (c) and (d) the vector product (b) yields (compare Appen-
dix (A.31))
€, ey e,
MV =7, xS = 0 2 3a
—W/3 2W/3 —2W/3
=(—-4/3-2)aW e, —aWe, + (2/3)aWe,.
This vector may be written as a column vector:
—10

1
M;A) =4 -3 aW . (e)
2

The resultant moment M g%A) of the forces S1 and S5 about point

A is the sum of the moments (a) and (e), (compare (3.32)):

~16
1
M =MM M = | 3| aw.
' 3
2

3.2.2 Equilibrium Conditions

Consider a general system of forces in space (Fig. 3.24). This sys-
tem can be reduced to a statically equivalent system that consists
of a resultant force and a resultant moment. Similar to the pro-
cedure used in a coplanar problem (compare Section 3.1.3), an
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Fig. 3.24

arbitrary reference point A is chosen in space. The forces F'; are
then moved to parallel lines of action that pass through this point.
Since the effect of the forces on the body must not be changed, the
corresponding moments M EA) of the forces have to be introduced.
Now the system of concurrent forces and the system of moments
may be represented by the resultant force R and the resultant

moment M RA), respectively:
R=Y"F;, My = M". (3.32)

The resultant force R is independent of the choice of point A; the
resultant moment M S?/A), however, depends on this choice. Hence,
there are many possible ways to reduce a given general system of
forces to a resultant force and a resultant moment.

A general system of forces is in equilibrium if the resultant force
R and the resultant moment M S%A) about an arbitrary point A
vanish:

S Fi=0, Y MY =o0. (3.33)

In components,

ZEJJ:O? ZMz(f):o?
Y Fy=0, YMY=0, (3.34)
SF.=0, YM®M=o0.

The fact that there are six scalar equilibrium conditions corre-
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sponds to the six degrees of freedom of a rigid body in space:
translations in the z-, y- and z-directions and rotations about the
corresponding coordinate axes. It can be shown that the reference
point A may be chosen arbitrarily, as in a coplanar problem.

Consider now the special case of a system of parallel forces. Let,
for example, all the forces act in the z-direction. Then F;, = 0
and F;; = 0, and the equilibrium conditions (3.34) reduce to

SoF.=0, Yy M =0, Y M= (3.35)

In this case, the equilibrium conditions in the x- and y-directions
for the forces and the moment equation about the axis through A
which is parallel to the z-axis are identically satisfied.

Example 3.8 A rectangular block (lengths a, b and ¢) is subjected
to six forces, Fy to Fg (Fig. 3.25a).

Calculate the resultant R, the resultant moments M, () and
M 1(% ) with respect to points A and B and their magnitudes. As-
sume F} = Fp = F, Fy = Fy = 2F, F5 = Fy = 3F, b = a,
c=2a.

Fig.3.25

Solution The components of the resultant force vector are obtain-
ed as the sum of the given force components:

R,=F +F;=3F, R,=F;+F;=6F, R,=-F,+F, =F.

Hence, R can be written as the column vector (see Appendix A.1)

E3.8
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R, 3
R=|R,|=|6|F, R=V32+62+12F = V46 F.
R 1

To determine the resultant moment about point A, the coordi-
nate system is chosen such that its origin is at A (Fig.3.25b). The
components of the moment then are obtained as

M) =S MM =bF—cFs=—4aF,

My =S MM =aFR=aF),

M}(é):ZMi(ZA):aF5_|_aFG_bFS:4aF7

and vector M g{‘) can be written as

M —4
MY 1

MM =42 4124420 F = V33 aF.
Similarly, for point B

MP —bF+cFs=17aF,

M) =—cF —cF+aFy=—4aF,

MP —bF =aF

and
7

MP = | _4|aF, MP =\724+424+124F =66aF
1

are obtained. The resultant moments about A and B, respectively,
are different!
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Example 3.9 A homogeneous plate with weight W is supported E3.9
by six bars and loaded by a force F (Fig.3.26a).
Calculate the forces in the bars.

Fig.3.26

Solution First, the free-body diagram is sketched (Fig. 3.26b). It
displays the weight W (acting at the center of the plate, compare
Chapter 4), the load F and the internal forces S to Sg in the bars
(these are assumed to be tensile forces). In addition, the auxiliary
angles a and [ are introduced. Choosing the coordinate system
such that as many moments as possible about its origin are zero,
the following equilibrium conditions are obtained:

ZFiz:O:

Z M(O)

—S3cos3 —SgcosB=0,

Sicosa— Sscosa+ F =0,

— 51— 8, —S3sinf — Sgsin 8 — Sy sina

— Sssina—W =0,

aS1—aSs+aSgsinfB —aSssing =0,
SW—i—bSl +bS2+bSesinff+0S3sinfB =0,

bF +aSscosf8—aSgcosff=0.

Using the trigonometrical relations

V2

. a
cosa =sina = = ,

NoX 2
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b . a
COS = s Sin =
P Va2 + b2 P Va2 + b2
the first and the sixth equilibrium condition lead to
2 4 p2
Sy=—sp= VO
2a

Then the fourth and fifth equations yield

w F w F
_ _ 5'2:_ +

S, = .
L7y g 4 "2

Finally, from the second and third equations

54:_;2 <V2V+F) 55:_;2 <v2V_F)

are obtained. As a check, it is verified that the equilibrium of
moments is satisfied if an axis is chosen that is parallel to the
y-axis and passes through point A:

ZMZ-(;):—ZW—bS4sina—bS5Sina
w1 W+F ¢2_1 W_F V2 o
2 V2 \ 2 2 V2 \ 2 2

E3.10 Example 3.10 An angled member is in equilibrium under the ac-
tion of four forces (Fig.3.27a). The forces are perpendicular to
the plane determined by the member; the weight of the member
is negligible.

If the force F' is given, calculate the forces A, B and C.

= b

S~—a

b Fig. 3.27
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Solution We draw the free-body diagram and introduce a coordi-
nate system (Fig. 3.27b). If the origin 0 is chosen as the reference
point, the equilibrium conditions (3.35) are

 Fi.=0: A+B+C-F=0,

SMy=o0: ;’A—bon,

ZM}S’:O: —cC+aF =0.
They have the solution

A=2F, C’:ZF, B:—(HDF.

As a check, point A is chosen as the reference point instead of
point 0. Then the moment equation
b b b
M* 0. - 'B- - F=
2 M7 =0 2 2O =0

is used instead of the second equation above, which leads to the
same solution.

3.3 Supplementary Problems

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 3.11 A uniform pole
(length I, weight W) leans against
a corner as shown in Fig.3.28. A
rope S prevents the pole from sli-
ding. All surfaces are smooth.

Determine the force S in the
rope.

e —

Fig.3.28

3.3

E3.11
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wi
Result: see (B) S = o, sin® acosa.

Example 3.12 A uniform

beam (length I, weight W) -
is inserted into an opening
(Fig.3.29). The surfaces are
smooth.

Calculate the magnitude of
the force F' required to hold
the beam in equilibrium. Is
the result valid for an arbitra-
ry ratio a/l?

Iifesult: seé (B) F= V3 w.
6 —8a/l

The result is valid only if the contact forces between the beam
and the surfaces of the opening are positive, which leads to the
requirement 3/8 < a/l < 3/4.

Example 3.13 Two smooth rollers (each

having weight W and radius r) are /
connected by a rope (length a) as shown

in Fig. 3.30. A lever (length [) subjected
to a vertical force F' exerts contact forces /
on the rollers. v

Determine the contact forces between
the rollers and the horizontal plane. T

= a

Results: see (A) Fig.3.30

N1:W—Fl\/1—4(r)2, N2:W+Fl\/1—4(r)2
a a a a

where N7 and N> are the contact forces acting on the left and on
the right roller, respectively.
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Example 3.14 Two smooth spheres (each E3.14
having weight W and radius r) rest in
a thin-walled circular cylinder (weight Q,
radius R = 4r/3) as shown in Fig. 3.31.
Find the magnitude of @ required to

prevent the cylinder from falling over.

Result: see (A) Q> W/2.

Example 3.15 A rigid body is subjected to three forces: F; = E3.15
F(=2,3, 1), Fy = F(7,1,-4)T, F3 = F(3,—1,-3)T. Their points
of application are given by the position vectors r; = a(4,3,2)7,
ro =a(3,2,4)7, r3 =a(3,5,0)7.
Determine the resultant force R and the resultant moment
Mg‘) with respect to point A given by r4 = a(3,2,1)7.

Results: R = F(8,3,-6)T, MEQA) =aF(-15,15,—4)T.

Example 3.16 A plate in E3.16
the form of a rectangular
triangle (weight negligible)
is supported by six bars. It
is subjected to the forces F’
and @ (Fig. 3.32).
Calculate the forces in
the bars. 1

Fig.3.32 ‘

Results: see (A) Sy = F/2, Sy =85=—V2F/2,
S3=-Q/2, S4=(F-Q)/2, Ss=0.
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Example 3.17 A homoge-
neous rectangular plate 3a r/'
(weight W) is supported 3a r{
by six bars. The plate
is subjected to a vertical
load F (Fig.3.33).
Calculate the forces in
the bars.

Fig.3.33

Results: see (B) 51 =53 = —/13 (2W 4 3F)/24,
S3=584,=0, S5= —(ZW—F)/S, S = —(2W+3F)/8

Example 3.18 A rectangular plate of negligible weight is suspended
by three vertical wires as shown in Fig. 3.34.

a) Assume that the pla-
te is subjected to a con-
centrated vertical force Q).
Determine the location of
the point of application of
() so that the forces in the
wires are equal.

b) Calculate the forces
in the wires if the plate
is subjected to a vertical T Fig. 3.34
constant area load p.

Results: see (A) a) zg =8a/3, yo=4a/3.
b) S; =3pa?, Sy =9pa®, S;=12pa’.



Example 3.19 The circular
arch in Fig. 3.35 is subjec-
ted to a uniform tangential
line load qq.

Determine the resultant
force R and the resul-
tant moment M g{;‘) with
respect to the center A of
the circle. If the load is re-
duced to a single force alo-
ne, find the corresponding
line of action.

Results: see (B) R, =0,
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E3.19

R, =V3qor, MI(%A) = 2mqor?/3.

xr=121r, ygr arbitrary.

Example 3.20 A sphere
(weight W) is held between
a beam (weight Wg) and a
wall as shown in Fig. 3.36.
The surface of the sphere is
smooth. The beam is sup-
ported by a hinge at A and
a rope at B.

Calculate the force S in
the rope.

%
Result: S= 2 cot o +

E3.20

A

Fig.3.36

bWg

2 I sinacosa



3.4

88

3 General Systems of Forces, Equilibrium of a Rigid Body

3.4 Summary

A couple consists of two forces having equal magnitudes, par-
allel action lines and opposite directions.

The effect of a couple is uniquely given by its moment M. The
couple moment is determined by its magnitude M = h F' and
its sense of rotation.

A couple moment is not bound to an action line: it can be
applied at arbitrary points of a rigid body without changing
its effect on the body.

The moment of a force F' with respect to a point A is defined
as M = r x F where r is the vector pointing from point
A to an arbitrary point on the action line of F. The moment
M) has the magnitude M4 = h F (h = lever arm) and a
sense of rotation.

In the case of a coplanar system of forces, the moment vector
has only one component M(4) = h F (perpendicular to the
plane) and a sense of rotation about A.

A general system of forces can be reduced to a resultant force
R and a resultant moment M %A) with respect to an arbitrary
point A.

A general system of forces is in equilibrium if the resultant
force R and the resultant moment M g‘) vanish:

S Fi=0, Y MY =o0.

These equations represent three force conditions and three mo-
ment conditions in spatial problems.

In the case of a coplanar system of forces, the equilibrium
conditions reduce to

S F.=0, Y F,=0, Y M¥=o0.
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Objectives: In this chapter, definitions of the center of

gravity and the center of mass are given. It is shown how to de-

termine the centroids of bodies, areas and lines. Various examples

demonstrate how to apply the definitions to practical problems.
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4.1 Center of Forces

In Section 3.1.3, it is shown that a system of coplanar forces that
are not in equilibrium can be replaced by a single force, namely,
the resultant R, provided that the reduction does not lead to
a couple. In the special case of a system of parallel forces, the
direction of the resultant R coincides with the direction of the
individual forces. The action line of the resultant R can be found
from (3.11). If we introduce the force H = —R, which has the
same action line as R, then the given system of forces and the
single force H are in equilibrium.

R,
Gl‘ GZ‘ ] ‘Gz ‘Gn
v ]
X1 —»‘ H“ C v

Te —»

Fig. 4.1

As a simple example, consider a beam (weight neglected) that
is loaded by a system of parallel forces G; (Fig.4.1a). In order to
determine the location of the action line of the supporting force H
(and therefore also of the resultant R), the coordinate z is introdu-
ced with an arbitrarily chosen origin 0. Applying the equilibrium
conditions (3.12)

)
T H-) Gi=0, 0: wH-> 2;G;i=0
the action line is found to be located at the distance

v, = > Gy
2. Gi
from the origin 0 of the coordinate system. The corresponding
point C' (an arbitrary point on the action line of H) is called the
center of forces.
The result (4.1) can be generalised in the case of a spatial force
system where every force is parallel to the z-axis (Fig.4.1b). The

(4.1)

4.1
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conditions of equilibrium (3.35)
> Fi.=0: H—-3 Gi=0,
SMY =0 yeH =3y Gi =0,
ZMi(yO):O: —x.H+Y 2;Gi =0

(signs of the moments according to the right-hand rule) yield the
coordinates of the center of forces:

>z G 2 YiGi
IR Sl

The considerations that are used in the case of concentrated
forces can also be applied to systems of continuously distributed
loads. For this purpose, the line load ¢(z) (dimension: force per
unit length) is replaced according to Fig.4.2a by a number of
infinitely small single forces. The line load acting at a distance x on
the infinitesimal element dx is replaced by the concentrated force
q(z) dz (since dz is infinitesimal, the change in ¢ can be neglected
and ¢ can be taken as a constant in this interval). Hence, the forces
G; in (4.1) are replaced by ¢(z)dz and the moment arms x; by
the coordinate x. In the limit dz — 0, the sums are replaced by
integrals. Thus, the coordinate of the center of forces is obtained:

Te =

(4.2)

~ Jrq(x)da
Te = [qlz)de - (4.3)

The integrations must be carried out over the entire length I on
which the line load ¢(x) acts.
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In an analogous way, the area load p(z,y) (dimension: force
per unit area) acting at the infinitesimal area dA, located at
the point z,y, is replaced by the infinitesimal force p(z)dA
(Fig.4.2b). Integration leads to the coordinates of the center of
forces:

_ Jop(z,y)dA o = [yp(z,y)dA
[p(zy)dAd " 7 [ple,y)dA

It should be noted that the integration must be carried out over

Zc

(4.4)

the entire loaded area A with both its directions = and y. For
simplicity of notation only one integral sign is used instead of a
double integral. The Examples 4.3 - 4.5 shall demonstrate how to
practically carry out the integration.

Example 4.1 A beam is loaded by a triangular line load (Fig. 4.3a).
Determine the resultant of the load and locate its action line.

x)dx ; :
I

B

a
Fig. 4.3

Solution We introduce the coordinate x according to Fig.4.3b.
Then the triangular line load is described by

x

;-

The integration of ¢(z) (=sum of the forces ¢(x)dx) yields the
resultant

q(z) = qo

l l
2l
x €T 1
R:/“@m:/% dz = qo = _ql,
l 20, 2
0 0

which is equivalent to the area of the triangle. With the numerator

E4.1
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in (4.3),

3!

x x 1
/wq(x)de:/qu dz = qo =_,ql%,
I 310, 3
0

we obtain the coordinate of the center of forces, i.e., the location
of the resultant’s action line:

_ Jrqx)dz 340 12 2
¢ Jq(z)dx éqo l 3
The action of the concentrated force R = qol/2, located at a di-

stance . = 21/3 from the left-hand side of the rigid beam, is
statically equivalent to the action of the triangular line load; in

l.

rigid-body mechanics, the distributed load may be replaced by its
resultant.

4.2 Center of Gravity and Center of Mass

Equations (4.4) can be generalised in the case of parallel body
forces f(x,y,z) (dimension: force per unit volume) that act on ri-
gid bodies. Let the direction of the body forces be arbitrary and be
given by the unit vector e (Fig.4.4a). As before, the continuously
distributed load is replaced by a system of infinitesimal concentra-
ted forces. For this purpose, the infinitesimal volume element dV/,
located at the point with the position vector r = ze, +ye, + ze.,
is considered. This volume element is loaded by the infinitesimal
force dG = f(x,y,z)dVe. Since the direction of the body forces
is given by the vector e and is therefore the same for all volume
elements and forces, respectively, the resultant of the body forces
is obtained as

G:/dG: (/f(x,y,z)dV)e:Ge

where

G:/f(:r,y,z) dv.



4.2  Center of Gravity and Center of Mass 95

The integration must be carried out over the entire volume V with
its three directions z, y and z (triple integral).

Fig. 4.4

The point of application C' of the force G, given by the position
vector 1., follows from the condition that the moment of G with
respect to the origin 0 of the coordinate system must be equal to
the sum (i.e., the integral) of the moments of all the forces dG
with respect to the same point:

rch:/rxdG.

Introducing G and dG yields

r. X Ge = </r><f(:v,y,z)dV>e
~ <TCG—/rf(ac,y,z)dV) xe=0.

The direction of the vector e is arbitrary. Therefore, this equation
is satisfied only if the expression in parentheses vanishes. This
yields the center of the body forces

= Jrf@y, ) dv
[y, 2)dV

which reads in components

o = Jef(y, )dV g — v 1@y )dV (4.5b)
‘ ff Y,z ’ ‘ ff T, Y,z ’

(4.5a)
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o= 1 2f@Y2) AV (4.5b)
[ fa,y,z)dV

As a special case, a rigid body on the surface of the earth that is
subjected to the action of the earth’s gravitational field, is conside-
red now. Here, the body force is given by f(x,y,2) = o(z,y, 2) g,
where g is the density of the material of the body and g is the
gravitational acceleration. The density may be variable within the
body, and the gravitational acceleration is assumed to be constant
(uniform and parallel gravitational field). Thus, the gravitational
acceleration g is a constant factor in both the numerators and the
denominators of Equations (4.5b), and will cancel. This defines
the center of gravity of the body as the point with the coordinates

_ JzedV _ Jyoedv _ [zedV

c — bl c — bl c — . 46
T reav YT Jedv 0 T foav (4.6)

The weight of the body is distributed over its entire volume V.
In the case of a rigid body, the weight can be considered to be
concentrated at the center of gravity without change in the static
action.

It may be noted that the assumption of a uniform and parallel
gravitational field is not satisfied exactly in reality. The direct-
ions and magnitudes of the gravitational forces for the various
particles of a body differ slightly, since these forces are directed
towards the center of attraction of the earth and their intensities
depend on their distance from this center. However, in the case
of sufficiently small bodies, the assumption is sufficiently accurate
for engineering purposes.

The mass of the infinitesimal volume element dV is given by
dm = pdV, and the mass of the whole body is the sum (i.e., the
integral) of the mass elements: m = [ odV = [ dm. This leads to
the definition of the center of mass:

1 1 1
Te = /g[;dm7 Yo = /ydm, Ze = /zdm. (4.7)
m m m

The center of mass coincides with the center of gravity if the
gravitational field is assumed to be uniform and parallel.
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In the case of a body made of homogeneous material, the density
o is constant and will therefore cancel in (4.6). Thus,

1 1 1
xcfv/de, ycfv/ydv, chV/ZdV, (4.8)

where V' = [ dV is the volume of the whole body. Equations (4.8)
define the center of the volume. If the density and the gravitational
acceleration are constant, the center of gravity and the center of
the volume coincide. Since Equations (4.8) define a purely geome-
trical property of the body, the center of gravity can be obtained
by purely geometrical considerations in this case.

The term “center” (e.g., center of mass) refers to a real phy-
sical body. The term “centroid” is used when the density factors
are omitted, i.e., when one is concerned with geometrical consi-
derations only. If the density is uniform throughout the body, the
positions of the center of mass and of the centroid of the body are
identical. In the case of a variable density, the center of mass and
the centroid are in general different points. If a body possesses a
plane of geometrical symmetry, the centroid will lie in this plane.

In the following, a body is considered that is composed of se-
veral parts of simple shape (composite body). The volumes V;, the
constant densities o; and the coordinates x;,y;, z; of the centers
of gravity C; of the individual parts are assumed to be known
(Fig.4.4b). The denominator in (4.6) can then be written in the
form

/QdV:/ gldV—i-/ diV—i—...:Ql/ dV—i—Qz/ av + ...
1% V1 V2 Vl V2

=oaVitoVat...=) oV,

where the notation V; at the integral signs indicates the range of
the respective integration.

In order to simplify the numerators in (4.6), at first only the
x-component is considered and the relation for the i-th body

T, = 1/:Jst — /:rdV:ziVi
Vi Jvi Vi
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is used, which follows from the first equation of (4.8). If the inte-
gration over the entire volume is written again as the sum of the
integrations over the individual volumes, the numerator of the first
equation in (4.6) results in

/xngzgl/ de—i—QQ/ rzdV +...
1% Vi V2

=o0iVi+oxVo+... .= inQiVi-

Analogous equations are obtained for the coordinates y and z.
Thus, the location of the center of gravity is determined by

YoV 2o vioiVi > zioiVi

Te = v Yo = y  Ze = 4.9
> 0iVi > 0iVi > 0iVi (4.9)

The task to locate the center of gravity is therefore considerably
simplified: no integration is necessary since finite sums replace the
integrals.

If the density is constant within the whole body (homogeneous
material, i.e., 9; = p), it will cancel and (4.9) reduces to

x; Vi Vi z; Vi
xC:ZV : yC:Z‘y/ : zc:ZV . (4.10)

Equations (4.9) and (4.10) can also be used in the case of bodies
with holes or with regions having no material. The given body then
is considered to be composed of the corresponding body without
holes, and the holes are considered to be additional bodies with
“negative” volumes. The volumes of the holes are thus inserted
with negative signs in (4.9) and (4.10).

Example 4.2 A small cube (edge length 2a) is removed from a
large cube (edge length 4a), as shown in Fig.4.5a.

a) Locate the center of gravity of the remaining body.

b) Determine the center of gravity if the small cube is replaced
by a cube with the same size but of different material (density
02 = 201), as shown in Fig.4.5b.
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[ >

—

x 4a \a

a b c
Fig. 4.5

Solution In both cases the body can be considered to be compo-
sed of several parts. In Problem a), the material is homogeneous
(constant density o1). Therefore, the position of the center of gra-
vity can be determined from (4.10). The three parts as indicated
in Fig.4.5¢ are used in the calculation. It is practical to carry it
out in the form of the following table:

Ti  Yi o % Vi x; Vi yiVi 2 Vi

.

1 2¢ 2a a 32a° 64a* 640’ 32a*
2 3a 2a 3a 16a® 48a* 32a* 48a*
3 a a 3a 8ad 8at 8at 24a4
> 56a® 120a* 104a* 104a*
N 356:120(1:15(17 yc:zC:104a:13a.
56 7 56 7

The same result can be obtained more easily if the complete
cube (edge length 4a) is taken as the volume V;. The space from
which the small cube is removed (the space that is void of mate-
rial, i.e., negative volume V3) is then the second part:

tox Y % Vi z; Vi yiVi ziVi

1 2a 2a 2a 64a® 128a* 128a* 128a*

2 a 3a 3a -8 —8i* —24a* —24a¢*
> 56a®  120a* 104a* 104a*

In Problem b), the densities of the two parts of the body are
different. Therefore, Equations (4.9) have to be used. The body
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as shown in Fig. 4.5a is chosen as the first part. Its center of gravity
is known from Problem a). The second part is the small cube,
having the density g2 = 2 01:

Tox WY 2 o:Vi z;0iVi Yi0i Vi 2i0iVi
1 Ya Ba Ba 5606 120016 10401a* 10401a*

7 7 7
2 a 3a 3¢ 1601a® 16p1a* 480104 48010
> 720103 136p1a* 15201a* 152p1a*
N 136 17 152 19
Te = a=_a, . = Zo = a=_a.
72 9 Y 72 9

4.3 Centroid of an Area

The location of the centroid of a plane area must be known for cer-
tain problems arising in engineering mechanics (see, for example,
the chapter “Bending of Beams” in Volume 2). The coordinates
of the centroid can be obtained from (4.8) if the body is consi-
dered to be a thin plate with a constant density and a constant
thickness (Fig.4.6) and ¢t — 0. Introducing the infinitesimal area
dA = dzdy located at the point z,y, the entire area A = [dA,
the volume element dV = tdA and the entire volume V = t A
into (4.8) yields the coordinates of the centroid of the area:

1 1
xc:A/di, yc:A/ydA. (4.11)

The integration must be carried out over the entire area A (double
integrals). Since t — 0 and therefore z — 0, the third equation

Fig. 4.6
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in (4.8) results in z, — 0: the centroid of a plane area is located
in its plane.

The center of mass of a thin plate coincides with the centroid of
the surface area if the thickness (¢ — 0) and density are constant
over the entire area.

The integrals in (4.11) are called the first moments of the area
with respect to the y- and the z-axis, respectively:

Sy:/:ch, Sw:/ydA. (4.12)

If the origin of the coordinate system is chosen to coincide with
the centroid of the area, the coordinates x. and y. are zero. Thus,
the integrals in (4.12) have to vanish:

The first moments of an area with respect to axes through
its centroid are zero.

Finding the centroid of an area is simplified if an axis of symme-
try exists. For example, Fig. 4.7 shows that for every infinitesimal
area dA located at a positive distance x, there exists a correspon-
ding element located at a negative distance. The integral [z dA
in (4.11) is therefore zero. Hence:

If the area has an axis of symmetry, the centroid of the area
lies on this axis.

Y
Y
A ] l
Yi oCi| ¢
ot Co
Ti X

Fig. 4.7 Fig. 4.8
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In the case of two axes of symmetry, the centroid is determined
by the point of intersection of these axes.

Let us now consider an area composed of several parts of simple
shape (Fig.4.8). The coordinates x;, y; of the centroids C; and the
areas A; of the individual parts are assumed to be known. The first
equation in (4.11) can then be written in the form

1 1
a:CA/a:dAA{ /a:dA+/:ch+...}

Ay As

1
:A{$1A1+,’L'2A2+}

Thus, the integrals are replaced by sums (compare Section 4.2).
With A = )" A; the coordinates of the centroid are obtained as

x; Ay Yi As

These equations can also be used for areas with holes or cut-out
sections. The holes are then considered to be “negative” areas (see
Example 4.7).

The method used to divide the whole area into several secti-
ons (method of composite areas) can also be applied to infinitely
small sections. Therefore it is not necessary to choose in (4.11)
an infinitesimal area dA = dxdy as shown in Fig.4.6. In many
cases, it is more practical to choose a rectangular or a triangular
element where one side, e.g. a, is finite: dA = adx (differential
strip). This step reduces the double integrals to single integrals.
Then, the quantities 2 and y in (4.11) refer to the coordinates of
the centroid of the element. This method is demonstrated in the
Examples 4.3 - 4.5.

Example 4.3 Locate the centroid of a rectangular triangle with
baseline a and height h (Fig.4.9a).

Solution The coordinates of the centroid can be determined from
Equations (4.11):
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y
h e
a T
a b |
vi y
T .
i X
¢ d

First, we introduce the coordinate system as shown in Fig.4.9b.
According to Fig. 4.6, the quantity = in the first equation repre-
sents the distance of the infinitesimal element dA from the y-axis.
To determine the coordinate x., however, it is more practical to
choose the infinitesimal area dA = ydx (see Fig.4.9b) instead of
the element shown in Fig. 4.6. With this choice, every point of the
element (in particular its centroid) has the same distance = from
the y-axis. Since this element incorporates the integration over y,
the double integral reduces to a single integral. Introducing the
equation y(x) = hx/a for the inclined side of the triangle, we
obtain the first moment of the area with respect to the y-axis:

[ h had|* 1
/di:/xydx:/x sde="""1 = ha?.
a adl, 3
0

With the area A = ah/2 of the triangle, we get

1 Yha? 2
c = dA: 3 = .
v A/x Lan ~ 3"

To determine the coordinate y. of the triangle, we choose the
infinitesimal strip dA = (a—x)dy (see Fig.4.9¢). Here, every point
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of the element has the same distance y from the z-axis. With
x(y) = ay/h, the first moment with respect to the z-axis becomes

/ydA/y(aw)dy/hy(aZy)dy
0

h
_ y2a,ay3
2 h 3

and we obtain

1 lan? 1
. = dA= """ = .
Y A/y Lah 3

One may also use the infinitesimal element as shown in Fig. 4.9b
to determine the coordinate y.. However, the points of this ele-
ment do not have the same distance from the x-axis. As explained
previously, the quantity y in (4.11) represents the coordinate of
the centroid of the element. Therefore, one has to replace y in
(4.11) by § = y/2 (Fig. 4.9d):

1 B 1 Y
e A/yd A/Qd

With dA =y dz, y = hz/a, A= ah/2 and

a ah2 1
/ydA:/de:r:/ 2$2d$:3ah2
a
0 0

we obtain again

Llan? 1
1 = a.

Yec = ah

2

It should be noted that the infinitesimal area dA = dady ac-
cording to Fig.4.6 can also be used to determine the coordinates
of the centroid. With this choice, the integration has to be carried
out in both directions 2 and y (double integral). However, it is
beyond the scope of this textbook to explain how double integrals
are solved.
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Example 4.4 Locate the centroid of the area that is bounded by
a parabola (Fig.4.10a).

Fig.4.10 a b z

Solution We use the coordinate system as shown in Fig.4.10b.
Since the y-axis is an axis of symmetry, the centroid C' lies on it:
z. = 0. To determine the coordinate y. from

_ JydA
yc_ fdA’

we choose the differential strip dA = 2 x dy parallel to the z-axis.
Every point of this element has the same distance y from the
z-axis. The parabola is described by

Therefore,

h
2
A= [dA= [22dy=2 \/ Yay= \/a 2 = Zan
Jaa= [2ea / b 58| =g
and
7 22 " 4
dA = 2\/ de\/ 5/2) = F 2.
/y /y n Y hsY . 5

0
This equation yields the result

fydA  Zah* 3

Ye = - — h.
JdA gah 5

Note that the height y. of the centroid does not depend on the
width a of the parabola.

E4.4
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E4.5 Example 4.5 Locate the centroid of a circular sector (Fig.4.11a).

Fig.4.11

Solution We choose the y-axis as the axis of symmetry, such that
z. = 0. In order to find y., we introduce the coordinate ¢ and the
infinitesimal area dA, as shown in Fig.4.11b. Neglecting higher-
order terms, the infinitesimal sector of the circle can be replaced
by an infinitesimal triangle with a base r dp and a height r. The
centroid Cg of this triangle is located at 2/3 of its height. There-
fore, it lies at a distance

Y= grsincp

from the z-axis. With dA = érdgp r= %TZ dp, we obtain

(ﬂ/2)+a
2d
fgdA /@/2) asrsmger %)

yC fdA /7‘_/2

yr2de
(7/2)—a
1 (7/2)+a
r3(— cos @)

_ 3 (r/2)—a _

1 ) (m/2)+a
e

2 (/2)—a

1 cos(h —a)—cos(f +a) 2 sina
=_r =_r
3 o 3 o
For a semicircular area (o« = w/2) this yields
4r

yc:37r'
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Example 4.6 Find the centroid of the L-shaped area in Fig. 4.12a. E4.6
Y yT
I t mlo L
Ch
8a dJ l1=8a t<La
I e
R
¢ Ye ‘ C2
t e t 5
L— 5a ——j i ‘ L lo="5a *I
a b Tc ¢

Fig. 4.12
Solution We choose a coordinate system and consider the area to
be composed of two rectangles (Fig. 4.12b):

A1:8at, A2:(50J7t)t

The coordinates of their respective centroids are given by

t 4 5a—t+t dSa-+t t
— — €To = = = .
Ea 97 Y1 a, 2 2 92 y Y2
Equations (4.13) yield
t Sa+t
e 8at+ (5a—1t)t
xC:szAz: 2 2
STA; 8at+ (ba—1t)t
2
25 3 8t 1/t
2 2, 1 _
_dattt o, att 9 _ 2% 54 25 \a
- 8at+bat—t2 26 -1t
13 a
and
y _ 2y A
; PR 2
_4a8at+2(5a—t)t_32a 64 a 64 \ a
a 13at—t? 13 Lo Lt '

13 a
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In the special case of t < a (Fig.4.12c), the terms t/a and (t/a)?
are negligible compared with 1. Then we obtain

25 32
Te= _ A, Ye= ._G.
26 13

Example 4.7 A circle is removed from a triangle, as shown in
Fig.4.13a.
Locate the centroid C of the remaining area.

Yy
@
@
C
. G\ -
1 Co
x

b c

Fig.4.13

Solution By symmetry, the centroid lies on the y-axis of the cho-
sen coordinate system, i.e., z. = 0 (Fig.4.13b). We consider the
remaining area as a composite area which consists of two parts:
the triangle (1) and the circle (2). Since the region of the circle is
void of material, this part has to be subtracted from the triangle
(Fig.4.13c). Introducing

h ) h

1
A1: ah7 Y1 = A2:7TT y Y2 =

2 3’ 4
into (4.13), we obtain
h1 h 4 3 mr?
y _ A -y A 590 4" :h172 ah
¢ Al*AQ ah—7r7“2 31_27TT2 '
2 ah

If the area of the circle is small compared with the area of the
triangle (w12 < a h/2), the result is reduced to h/3.



4.3
Table 4.1 Location of Centroids
Area
Rectangular triangle

Yy
h
a

A:;ah

Arbitrary triangle
1
y T3,Y3 A — 2[(x2—x1)(y3*y1)
T1,Y1
12712 —(z3 — 21)(y2 — 1))

Parallelogram

e

a
Trapezium
Y b
T h
a T
Circular sector
Yy
A=ar?

\
£

Semicircle

Y

&[
S
Il
O
ﬁl\')
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Location of Centroid

Te= _a, Y=

1
= 3(x1+x2+x3)

1
= 3(y1+y2+y3)

C is determined by
the intersection of
the diagonals

C' is located at
the median line
_ha+2b
T3 a+b

2 sina
r
3 a

Te =

4r
T 37
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Table 4.1 Location of Centroids (cont’d)

Area Location of Centroid

Circular segment

33

12A
3

4r sin” «
3 2a—sin2«a

Te =
1
= r’(2a—sin2a)

)

Te =

=
b
Il
S|
o
o w ot w

4.4 Centroid of a Line

Let us now consider a line that lies in a plane (Fig. 4.14). Its cen-
troid C can be determined if in (4.11) the infinitesimal area dA is
replaced by a line element ds and the area A is replaced by the
length [ of the line:

1 1
Te = /xds, Ye=, /yds. (4.14)

The centroid of a straight line lies in its center, and the centroid
of a curved line lies, in general, outside the line. Equations (4.14)
can, for example, be applied to determine the centroid of a bent

A\
Yot W
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uniform wire or to locate the action line of the resultant of forces
that are evenly distributed along a line. The centroid of a line
coincides with the center of mass of a uniform thin bar or wire. In
the case of a variable density or a variable cross-section, the mass
center and the centroid are different points.

Let a line be composed of several parts. The lengths I; and
the coordinates x;, y; of the individual centroids are assumed to
be known. The integrals in (4.14) then reduce to sums (compare
(4.13)), and Equations (4.14) are simplified to

> xil; > yili
Te = AR Yo = I (4.15)

As a simple example the centroid of the line shown in Fig. 4.12¢
is determined where ¢t — 0. Applying (4.15), we obtain
0-8a+ga5a 25 4a8a+0-5a 32
Te = = a, Ye= = a
8a+5a 26 8a+5a 13
This result coincides with the corresponding result derived in Ex-
ample 4.6.

Example 4.8 A wire is bent into the shape of a circular arc with
an opening angle 2« (Fig. 4.15a).
Locate its centroid.

Fig.4.15

Solution The coordinate system shown in Fig. 4.15b is chosen such
that y. = 0 (symmetry). Now the angle ¢ is introduced and an
infinitesimal element of the arc is considered, whose length ds is
given by r dp. Using the relation x = r cos ¢ for polar coordinates,
(4.14) yields

E4.8
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+a
rcosprd
_ Jxds _J(; 7 (p72r281na sin o

= = = =r
fds ta 27« «
frdcp

—Qx

Zc

. .. . 7T .
For the special case of a semicircular arc (i.e., « = 5 ), we obtain

_2r
=

Zc

The centroid of a semicircular area (z. = 4r/(3m), see Table 4.1
and Example 4.5) is located much closer to the center of the circle
than the centroid of a semicircular arc.

4.5 Supplementary Problems

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 4.9 Locate the centroids of the profiles as shown in
Fig.4.16. The measurements are given in mm.

{ =15+
C -

| 5 [~

| o0 =

20 32
| b !

I | 4 | 4
L 45 z . f L, L 45 1

Fig.4.16

Results: see (A) a) x2.=0, y.=12.8mm,
b) z.=13mm, y.=12.8 mm.
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Example 4.10 Locate the centroids of the thin-walled profiles
(t < a) as shown in Fig.4.17.

"

T N
a
o]

: y ool
Fig. 4.17
Results: see (B) a) 2. = (5v2/4—1)a, y.=+2a/4,

347
b c = Oa c =
) = Ye=, 10

Example 4.11 Determine the coordi- Yy
nates of the centroid C of the num- —{a ‘« Sa»‘

ber shown in Fig.4.18.

‘
—»‘ @‘«

|
|3a
|
|
Fig.4.18

Result: see (B) z.=193a, y.=4.89a.

Example 4.12 A circular area is removed from a circle and an
ellipse, respectively (Fig.4.19).
Locate the centroids of the remaining areas.

E4.10

E4.11

E4.12
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Example 4.13 A thin metal
sheet of even thickness is
bent into the shape shown
in Fig.4.20. It consists of a
square and two triangles. The
measurements are given in

Fu—»‘

cm. - 4
Determine the centroid. ’L/ — 4 a(/

Result: see (A) z,=1.7l1cm,

Example 4.14 The area shown in Fig.

4.21 is bounded by the coordinate
axes and the quadratic parabola with
its apex at = 0.

Determine the coordinates of the
centroid.

Result: see (A) z. =3b/5,

Fig. 4.20
Yo =1.07cm, 2z,=043cm.
Y
3a/2
a/2
b x
Fig. 4.21

Yo =47a/100.
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Example 4.15 Locate the 2a  2a a a 2a_ E4.15
the centroid of the area o ‘ o ‘
shown in Fig.4.22. %
A
a/,,
2a
Y Y
2a,
Fig. 4.22 -
x

Result:  x.=2.61la, y.=0.

Example 4.16 A thin wire has the E4.16
shape of the function y = acoshz/a

(Fig. 4.23). N/

Find the centroid. a—f

Result: see (A) z.=0, y.=1.197a.

Example 4.17 Locate E4.17
the centroid of a thin-
walled spherical shell
(radius R, Height H,
thickness t < R) as

shown in Fig.4.24.

Fig. 4.24 \
(%

|- T —

Result: see (B) z.=R—H/2.
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4.6 Summary

The weight of a body is distributed over its entire volume. In
the case of a rigid body it can be considered to be concentrated
in the center of gravity without change in the static action. The
coordinates of the center of gravity are defined by

. :facng :nydV ; :szdV
C fng bl yc j‘gdv bl C fng i

Analogous definitions are valid for the center of mass and the
center of volume.
The coordinates of the centroid of an area are defined by

1 1
JTc:A/IEdA, nyA/ydA.

The first moments of an area are defined by

Sy:/sz, Sx:/ydA.

The first moments of an area with respect to axes through its
centroid are zero.

If an area has an axis of symmetry, the centroid of the area
lies on this axis.

Let a body (area, line) be composed of several parts, the cen-
troids of which are assumed to be known. The integrals are
then replaced by sums. For example, the coordinates of the
centroid of an area follow from

o mid YA
Analogous relations are valid in the case of a body or a line.
In the case of bodies (areas) with holes, the spaces that are void

e

of material are considered to be “negative” volumes (areas).
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Objectives: In this chapter, the most common kinds of

supports of simple structures and the different connecting ele-
ments of multi-part structures are introduced. We will discuss
their characteristic features and how they can be classified, so
that the students will be able to decide whether or not a struc-
ture is statically and kinematically determinate. Students will also
learn from this chapter how the forces and couple moments ap-
pearing at the supports and the connecting elements of a loaded
structure can be determined. Here, the most important steps are
the sketch of the free-body diagram and the correct application of
the equilibrium conditions.
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5.1 Plane Structures

5.1.1 Supports

Structures can be classified according to their geometrical sha-
pe and the loads acting on them. A straight slender structural
element (cross-sectional dimensions much smaller than its length)
that is loaded solely in the axial direction (tension or compression)
is called a bar or a rod (see Section 2.4). If the same geometrical
object is subjected to a load perpendicular to its axis, it is called a
beam. A curved beam is usually designated as an arch. Structures
consisting of inclined, rigidly joined beams are called frames. A
plane structure with a thickness much smaller than its characte-
ristic in-plane length is called a disk if it is solely loaded in its
plane, e.g., by in-plane forces. If the same geometrical structure is
loaded perpendicularly to its midplane it is called a plate. If such
a structure is curved it is a shell.

N{ N

Fig.5.1 a

Structures are connected to their surroundings by supports who-
se main purpose is to fix the structure in space in a specific po-
sition. Secondly, supports transmit forces. As a simple example,
consider the “roof” in Fig.5.1a, loaded by external forces F;, joi-
ned at A to a vertical wall by a pin, and supported at B by the
strut S. Forces are transmitted to the wall and the ground via the
supports A and B. According to the law of action and reaction
(actio =reactio) the same forces are exerted in opposite directions
from the wall and the ground onto the roof. These forces from
the environment onto the structure are reaction forces (cf. Secti-
on 1.4), and are termed support reactions. They become visible in

5.1
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the free-body diagram (Fig.5.1b), where they are generally deno-
ted by the same symbols as the supports, i.e. by A and B in this
example.

The following discussion is limited to single-part structures lo-
cated and loaded in a plane. A free body with no restraints has
three degrees of freedom, i.e., it can be independently displaced
in three different ways: by two translations in different directions
and by one rotation about an axis perpendicular to the plane (cf.
Section 3.1.4). Supports (restraints) reduce the feasible displace-
ments: each support reaction imposes a constraint. Let r be the
number of support reactions. Then the number f of degrees of
freedom of a body in a plane is given by

f=3-r (5-1)

(for exceptions see Section 5.1.2).

We now will consider different types of supports and classify
them by the number of support reactions involved.

Supports that can transmit only one single reaction (r = 1). Ex-
amples of this type of support are the roller support, the simple
support and the support by a strut, cf. Fig. 5.2a—c. In this case, the
direction of the reaction force is known (here vertical), whereas its
magnitude is unknown.

== =
1
= = L

7

b
Fig. 5.2

Figure 5.2f shows the free-body diagram for the roller support.
If the contact areas are assumed as frictionless, all contact forces
can be considered to act perpendicular to the respective contact
surfaces. With this assumption the action line of the reaction for-
ce A is determined. Figure 5.2¢ indicates the displacements that
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are unconstrained by the support: a horizontal translation and a
rotation. A vertical translation is excluded through the support’s
restraint. If the support reaction A changes its sign, i.e., if it is
reversed in the direction along the action line, a lift-off must be
prevented by an appropriate support construction. From now on a
simple support will be depicted by the symbol shown in Fig. 5.2d.

Supports that can transmit two reactions (r = 2). Examples of
this type of support are the hinged support and the support by
two struts (Fig.5.3a,b), which are depicted symbolically in Fig.
5.3c.

505
R T 7
a b d e
Fig.5.3

As shown in Fig. 5.3d, the hinged support allows a rotation but
not a displacement in any direction. Accordingly, it can transmit
a reaction force A of arbitrary magnitude and arbitrary direction
that can be resolved into its horizontal and vertical components
Ay and Ay, (Fig.5.3e).

Additional variants of supports transmitting two reactions are
the parallel motion and the sliding sleeve (Fig. 5.4a,b). Their free-
body diagrams (Fig. 5.4c, d) show that in both cases one force and

// M A
A
—_——
¢ An
a C
% M4
>~ (
I — ——————
7
b A, 4

Fig. 5.4
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one couple moment can be transmitted. A displacement in one
single direction is possible in each case; a displacement in any
other direction or a rotation are not possible.

The rotational degree of freedom disappears if a support by two
struts is complemented by an additional, somewhat shifted, third
strut (Fig. 5.5a): the structure becomes immobile. In addition to
the two force components, the support can now also transmit a
couple moment, i.e., in total three reactions: r = 3.

The same situation appears in the case of a clamped support
(fixed support) according to Fig.5.5b which symbolically is de-
picted in Fig. 5.5¢. The free-body diagram in Fig. 5.5d shows that
the clamped support can transmit a reaction force A of arbitrary
magnitude and direction (or Ay and Ay,) and a couple moment
M,.

Ma

% 7
. =
“a /
4
7
a b c d Fig.5.5

5.1.2 Statical Determinacy

A structure is called statically determinate if the support reacti-
ons can be calculated from the three equilibrium conditions (3.12).
Since the number of unknowns must coincide with the number of
equations, three unknown reactions (forces or couple moments)
must exist at the supports: r = 3. It will be explained later that
this necessary condition may not be sufficient for the determina-
tion of the support reactions.

The beam in Fig. 5.6a is supported by the hinged support A and
the simple support B. Accordingly, the three unknown support
reactions Ay, Ay, and B exist. Therefore, with r = 3 it follows
from (5.1) that the beam is immobile: f = 3—r = 0; it is statically
determinate.
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The support reactions of the clamped beam in Fig. 5.6b consist
of the two force components A, and Ay, and the couple moment
M ,. Figure 5.6¢ shows a disk supported by the three struts A, B
and C, each transmitting one reaction. In both cases, with r = 3
and f = 0, the support is statically determinate.

Fig.5.6

In contrast, Fig. 5.6d shows a beam that is supported by three
parallel struts A, B and C. Here too, the number of unknown sup-
port reactions coincides with the number of equilibrium conditi-
ons: the necessary condition for statical determinacy is satisfied.
However, the reaction forces cannot be calculated from the equi-
librium conditions. Here r = 3 does not imply f = 0 (exceptional
case!): the beam can be displaced in a horizontal direction. Such
exceptional cases must be excluded. A structure that may un-
dergo finite or infinitesimal displacements is called kinematically
indeterminate (cf. also Sections 5.3.4 and 6.1).

The disk in Fig. 5.6e is also kinematically indeterminate. Since
the action lines of the reaction forces intersect at point P, the
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supports allow an infinitesimal rotation about this point. It can
be seen immediately that the supports in Figs.5.6d and e are not
statically determinate. In the case of the beam, the equilibrium
condition for the horizontal force components cannot be fulfilled
(3" Fim # 0), whereas for the disk, the equilibrium of the moments
with respect to P cannot be satisfied (3 Mi(P) #0).

In the case of a plane problem, a structure is supported stati-
cally and kinematically determinate if it is immobile and exactly
three support reactions appear. These may be

a) three forces which are not all parallel and not central,
b) two nonparallel forces and one moment.

It must be emphasized that the statical determinacy of a struc-
ture is solely dependent on the supports and not on the loading.

If additional supports are attached to a statically determinate
structure, more than three support reactions exist, which can no
longer be determined solely from the three equilibrium conditions.
Such a structure is called statically indeterminate.

For example, if the clamped beam in Fig.5.6b is additionally
supported by the simple support B (see Fig.5.7a), the number
of unknown reactions increases from three to four. In this case,
one redundant reaction (force or couple moment) is present. The
beam is therefore statically indeterminate with one degree of static
indeterminacy.

Fig. 5.7

Generally, a structure is statically indeterminate with a degree
x of statical indeterminacy if the number of unknown support
reactions exceeds the number of available equilibrium conditions
by z. Consequently, for the beam in Fig. 5.7b, the degree of statical
indeterminacy is equal to two, since r =2+4+3-1=05.

The support reactions of statically indeterminate structures can
only be determined if they are not considered to be rigid but if
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their deformations are taken into account. The relevant methods
will be discussed in Volume 2, Mechanics of Materials.

5.1.3 Determination of the Support Reactions
In order to determine the support reactions, the method of secti-
ons is applied (cf. Section 1.4): the body is freed from its supports
and their action on the body is replaced by the unknown reactions.
As an example, consider the beam in Fig.5.8a, which is sup-
ported by the strut A and the two simple supports B and C. The
reaction forces become visible in the free-body diagram (Fig. 5.8b).
Their sense of direction along the prescribed action lines can be
chosen arbitrarily. However, for the strut the sign convention for
rods is applied (see Sections 2.4 and 6.3.1) and it is assumed to
be subject to tension. The assumptions are correct if the analysis
yields positive values for the reaction forces, whereas a reaction
force is oppositely directed in the case of a negative sign.

%Am ‘Fl ‘FQ /F ) ¢F1 Vg ’/Fz-
A B i b yT_g TB TC

a

Fig.5.8

All of the forces acting on the isolated body (i.e., active for-
ces and reaction forces) must fulfill the equilibrium conditions
(3.12):

SN F.=0, Y F,=0, Y M" =o0. (5.2)

Here, P is a reference point that may be chosen arbitrarily. The
support reactions can be calculated from (5.2).

Example 5.1 The beam shown in Fig.5.9a is loaded by the force
F which acts under an angle a.
Determine the reaction forces at the supports A and B.

E5.1
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/ [
Fsin o {
‘ A 4

A7é7 , %B VTAV ‘Fcosa TB
-~ a
3

a b Fig.5.9

Solution The beam is rigidly supported; the support A trans-
mits two reactions and support B one reaction. In total, the
three unknown reaction forces Ay, A, and B exist: therefore,
the beam is statically determinate. We free the beam from its
supports and make the reaction forces visible in the free-body dia-
gram (Fig.5.9b) where we choose their senses of direction along
the action lines freely. Hence, the equilibrium conditions are given
by

1: Ay, —Fsina+B=0, (a)
—: Ay —Fcosa=0 — Ay =Fcosa,

A

A: —aFsna+IB=0 — B="Fsna. (b)

l

Introducing B and the geometric relation a +b = into (a) yields
a

Z)Fsina: bFsina.

AV:Fsina—B:(l— I

As a check, the equilibrium condition for the couple moments
about another reference point is applied:

2 b
B: —lA,+bFsina=0 — AV:lFsina.

This equation, in contrast to Equation (a), directly yields the
reaction force A,,. Thus, application of the equilibrium conditions
(3.14) instead of (3.12) would have been advantageous in this case.

Example 5.2 The clamped beam shown in Fig. 5.10a is loaded by
the two forces F; and Fj.
Determine the reactions at the support.
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> [ Ma — [
% b
7 \ — (>
o J a An T \
-~ a Fs Av Fy
a l b
Fig.5.10

Solution The fixed support A transmits three reactions: two force
components Ay, Ay, and the moment M 4. They are made visible
in the free-body diagram (Fig. 5.10b) where their senses of direct-
ion have been chosen arbitrarily. Thus, the equilibrium conditions
(5.2) yield

T: Ay —Fycosa=0 — Ay = Fycosa,

—: Agp+F+ Fsina=0 — Ay =—(F1 + Fysina),

~
A: Myu+bF +1Fycosa=0 — M, =—(bFy+1Fycosq).

The negative signs of Ay and M, indicate that these reactions
in reality are directed oppositely to the directions chosen in the
free-body diagram.

5.2 Spatial Structures

A body that can move freely in space has six degrees of freedom:
three translations in z-, y- and z-direction and three rotations
about the three axes. Supports constrain the possible displace-
ments. As in the plane case, the different types of support are
classified by the number of transferable support reactions.

The strut in Fig. 5.11a can transfer only one force in the direct-
ion of its axis. Therefore, r = 1 for spatial as well as for plane
structures. In contrast, the hinged support in Fig. 5.11b transfers
three force components in space (in -, y- and z-direction), i.e.,
r = 3. The fixed support or clamping (Fig.5.11¢c) transfers six
reactions in space (r = 6): the force components in the three

5.2
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coordinate directions as well as the moments about the three axes.
The sliding sleeve in Fig. 5.11d can transfer two moments and two
force components, provided that the beam with a circular cross-
section can rotate freely about its axis; for this type of support,
r = 4 is valid. When the support and the beam have rectangular
cross-sections, which makes a rotation impossible, moments about
all three axes can be transferred. This leads to r = 5.

1 I

Lo e

c d Fig.5.11

A spatial structure is statically determinate when it is immobi-
le and the support reactions can be calculated from the siz equi-
librium conditions (3.34), see also Section 5.3.4. Thus, in total
six reactions must exist at the supports. As in the case of plane
structures, these reactions are calculated by applying the method
of sections.

Example 5.3 The rectangular lever which is clamped at A (Fig.
5.12a) is loaded by the line load qg, two forces Fy, Fy and the
moment M.

Determine the support reactions.
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R qob :
F
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u ]\fAy My, b/2

Fig.5.12

Solution We free the lever from the fixed support and make the
reactions visible in the free-body diagram. According to the clam-
ped support, the three force components A,, A,, A, and the three
moment components M, My, , M, exist (Fig.5.12b). Their di-
rections are chosen in such a way that they coincide with the pos-
itive coordinate directions. The line load can be replaced by its
resultant R = ¢o b. The equilibrium conditions (3.34) then yield

S Fi,=0: A, +F, =0 — A, =—-F,

S Fy,=0: Ay—F,=0 — Ay =F,,

Y F.=0: A, —qb=0 — A, =qb,
SME =0: MAJ,-+MO*g(%b):oH MAz:qOQbQ*MO,
SMY =0 My, +a(qb) =0 — My, =—qoab,
SMM=0: M,,—aF,=0 - M,,=aF;.

Example 5.4 A spatial frame is supported at A, B and C (Fig.
5.13a). It is loaded by the line load qg, the forces Fy, F» and the
moment M.

Determine the support reactions.

Solution The hinged support A transfers the three force com-
ponents A,, A,, A, (Fig.5.13b). At the support B, forces B, and
B, act in the directions of the struts, and at the simple (moveable)
support, force C' acts perpendicularly to the horizontal plane, i.e.,

E5.4
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Fig.5.13

in the direction of the z-axis. Hence, the equilibrium equations for
the forces are

ZFm:O AI+BI7F2:O, (a)
ZFl‘yZOZ Ay—F1:O —>Ay:F1,
ZFiz:(): A, +B,+C—qa=0. (b)

To formulate the equilibrium of moments we choose axes through
the reference point B:

3 3 b
ZMZ_(ZB):0:72QAZ+2a(qu)+bF1:0e AZ:4qoa+ aFu

2
1
SMP =0: aC+My=0 - C=— Mo,

11
S mP =o: 2an+aF1—;F2:0 - Ag=— Fit P

With the results for A;, A, and C, (a) and (b) yield

1 3
Ba::_AJ;+F2: I+ F2a
2 4
b 1
F+ M.
a a

1
B, = —A,—-C= —
qo a 4QOG 9

5.3 5.3 Multi-Part Structures

5.3.1 Statical Determinacy

Structures often consist not only of one single part but of a num-
ber of rigid bodies that are appropriately connected. The connec-
ting members transfer forces and moments, respectively, which can
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be made visible by passing cuts through the connections. In the
following the discussion is restricted to plane structures.

The connecting member between two rigid bodies (1) and (2) of
a structure can be, for example, a strut S, a hinge G or a par-
allel motion P (Fig.5.14a—c). The strut transfers only one single
force S in its axial direction. In this case, the number v of joint
reactions is v = 1. In contrast, a hinge can transfer a force in an
arbitrary direction, i.e. the force components G and G,. Since
the hinge is assumed to be frictionless, it offers no resistance to a
rotation: it cannot transfer a moment. Therefore, the number of
joint reactions in this case is v = 2. The parallel motion prevents
a relative rotation and a relative displacement in the horizontal
direction of the connected bodies; however, it allows a vertical dis-
placement. Therefore, only a horizontal force N and a moment M
can be transferred: again v = 2. According to the principle actio
=reactio, the joint reactions act in opposite directions on the two
bodies.

S S
:bid: T -
a @ @ ® ®
G/
G GH? !
— E— :I‘—» ——
b @ ® @ Gv ~H ®
. M M
— P pb— p— ) B 4—(—7:
— b—
Fig.514 ¢ @O == @ @ N N @

In order to determine the support reactions and the forces and
moments transferred by the connecting members the method of
sections is applied: we free the different bodies of the structure by
removing all of the joints and supports and replace them by the
joint and support reactions.

Three equilibrium conditions can be formulated for each body
of the structure. Therefore, there are in total 3n equations if the
structure consists of n bodies. Let r be the number of support
reactions and v be the number of transferred joint reactions. We
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call the multi-body structure statically determinate if the r sup-
port reactions and the v joint reactions can be calculated from
the 3n equilibrium conditions. The necessary condition for stati-
cal determinacy is that the number of equations and the number
of unknowns are equal:

r+v=3n. (5.3)

Moreover, if the structure is rigid, this condition is sufficient for
statical determinacy. Condition (5.3) also includes the special case
of a statically determinate single body where n = 1, v = 0 and
r =3 (cf. Section 5.1.2).

As examples, let us consider the multi-part structures depicted
in Fig. 5.15. The structure shown in Fig. 5.15a consists of n = 2
beams (1) and (2), connected by the hinge G, and it is supported
by the fixed support A and strut B. Hinge G transfers v = 2 force
components, and at the fixed support and the strut, r =3+1=4
support reactions exist. Hence, since 4 + 2 = 3 - 2, the necessary
condition (5.3) for statical determinacy is fulfilled. The structure
in Fig.5.15b consists of three beams @) - 3) and the disk @); i.e.,
n = 4. The four hinges G; - G4 transfer v = 4 -2 = 8 joint
reactions. At the support A, two reactions exist and each of the

% @)
1M o ¢ o

B
a s

F F
P lqo q0
% ()ll A l J B
4 o ® B o ¢ o A

I
N
ol

®
o
—
(2]
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supports B and C' transfers one reaction; this results in a total of
r = 24141 = 4. Introducing these numbers into (5.3) shows that
the necessary condition for statical determinacy is again satisfied:
4 4+ 8 = 3 - 4. Since both structures are rigid, they are statically
determinate.

If the strut in Fig. 5.15a is attached to beam (1) instead of beam
@ as shown in Fig. 5.15¢c, the necessary condition for statical de-
terminacy is still fulfilled. However, this structure is kinematically
indeterminate (beam (2) is moveable) and therefore useless. The
structure in Fig.5.15d is also kinematically indeterminate. Even
though hinge GG cannot undergo finite displacements, it can still
be displaced infinitesimally upwards or downwards.

Example 5.5 The structure shown in Fig.5.16a consists of the
beam (D) and the angled part 2), which are connected by the hinge
G. The angled part is clamped at A and the beam is supported
at B. The system is loaded by the force F'.

Determine the support and joint reactions.

F F G
| ® ©) © v Gu| @
. —
L G T Gu le
B B

N S

A Ai»
dade s deead ot b N,
' ' - el

}

!

Fig.5.16

E5.5
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Solution Since r =3 +1 =4, v =2 and n = 2, condition (5.3) is
fulfilled: 442 = 3-2. Furthermore, since the structure is immobile,
it is statically determinate.

We separate the bodies (1) and (2), remove the supports and draw
the free-body diagram (Fig.5.16b). The directions of G and Gy
can be chosen freely for one of the two bodies. Their directions
for the second body are determined through the principle actio =
reactio. The equilibrium conditions for body (@) yield

—: Gy =0,

A b
G: (@+b)F—bB=0 - B:“Z F,
2 a
B: aF+bGy, =0 — GV:be.

From the equilibrium conditions for body (2) in conjunction with
the results for G and Gy, we obtain

t1 Gy + A, =0 — AV:GV:—ZF,

—: —Gyg+Ay=0 - Ay =Gy =0,

) ac
A: My+hGy+cG, =0 = My,=-hGyg—cGy, = F.

b

The negative signs of Gy, and A;, indicate that their directions in

reality are opposite to those assumed in the free-body diagram.
As a check, the equilibrium conditions are applied to the com-

plete system (Fig.5.16¢), where the hinge G is assumed to be

frozen:
b
T —-F+B+Ay,=0 — —F+a;; FfZF:O,
— AH:O,
A
B: aF+My,+hAy+(b+c)A, =0
- aF—i—ach—(b—i—c)ZF:O.
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Example 5.6 The symmetrical sawbuck in Fig.5.17a consists of E5.6
two beams connected at hinge C' and fixed by the rope S. It is
loaded with a frictionless cylinder of weight W.
Determine the support reactions at A and B, the force .S in the
rope and the joint reaction in C. The weight of the sawbuck can
be neglected.

2

(8

Nz /" 45° | 45°

M*ﬂ“\“\

o

Fig.5.17

Solution Since only three support reactions are present (see Fig.
5.17b), they can be determined by applying the equilibrium con-
ditions to the complete system:

—2aW+4aB=0 — B=W/2, (a)

=5 =5

—4aAy+2aW=0 — A, =W/2.
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In order to determine the forces in the rope and the hinge, we
separate the structure into its two parts (n = 2). In the hinge
C and rope S, in total v = 2 + 1 = 3 forces are transferred
(Fig.5.17c). With r = 3, the necessary condition (5.3) for statical
determinacy is fulfilled: 3+ 3 =3 - 2.

Since the surface of the cylinder is assumed to be frictionless,
the contact forces N7 and N, between the beams and the cylinder
act in directions normal to the respective contact planes. The-
refore, with sin45° = v/2/2, the equilibrium conditions for the
cylinder read

— NQ* N1:O *)NliNQ,

2 2 2
TZ —W—f—\gNg—f—\gNl:O —>N1:N2:\2W

(b)

From the equilibrium conditions for the beam (2) we obtain with
(a) and (b):

¥\
C: V2aN,—aS+2aB=0 — S=2B+V2N,=2W,
v V2

2
T = Na=Cy+B=0 » Cy=B-""No=0,

2 2 5
e 7¢2 Ny—Cp—S=0 — CH:JQ Np—S=—_W.

The same result is obtained when the equilibrium conditions
are applied to beam (7). By symmetry considerations, it can be
concluded from Fig.5.17c with no calculation that Ny = Ny and
Cy, =0.

5.3.2 Three-Hinged Arch

The arch shown in Fig. 5.18a is statically determinate because it
is immobile and in total three support reactions exist at A and B.
In a real structure, the arch AB is not rigid but deforms under
applied loads. If B is a roller support, this may lead to a large
deformation that cannot be tolerated.
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E: F.
z¥ 3 z¥ o /Fi

Fy

Fig.5.18

Such a displacement is prevented if A and B are designed as
hinged supports. As a consequence, the statical determinacy of
the structure gets lost. However, statical determinacy can be re-
established if an additional hinge G is introduced at an arbitrary
location (Fig. 5.18b). Such a structure is called a three-hinged arch.
It consists of n = 2 bodies connected by the hinge GG, which trans-
fers v = 2 joint reactions. Since the supports A and B transfer
r = 2+ 2 = 4 support reactions, the condition for statical de-
terminacy (5.3) is fulfilled: 4 + 2 = 3 - 2. Therefore, taking the
immobility of the structure into account, the three-hinged arch is
statically determinate.

The two bodies of a three-hinged arch need not necessarily
be arch shaped. An arbitrary structure consisting of two bodies
connected by a hinge and supported by two hinged supports (in
total three hinges) is also called a three-hinged arch from now on.
Two examples are shown in Fig.5.19: a) a frame and b) a truss
consisting of two single trusses (compare Chapter 6).

. W q i, o

By

A B A B

Fig.5.19 b

In order to calculate the forces at the supports and the hinge,
we isolate the two bodies @ and @) (cf. Fig. 5.20a,b) and apply the
equilibrium conditions to each body. From the 2-3 = 6 equations,
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the unknowns Ay, Ay, By, By, G and Gy, can be calculated. As
a check, the equilibrium conditions can be applied to the complete

system where the hinge is regarded as being frozen.
G‘/

Fig.5.20

Example 5.7 The structure shown in Fig.5.21a consists of two

beams, joined by the hinge G and supported in A and B by hinged

supports. The system is loaded by the forces F} = F and Fo =2 F'.
Determine the forces at the supports and the hinge.

Fy
_ ®
Am —?_T;H
Ay Gv
Gv
Gu
©)
F>
Br
By
b
Fig.5.21

Solution The structure is a three-hinged arch. In order to cal-
culate the unknown forces we separate the bodies 1) and 2) and
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draw the free-body diagram (Fig.5.21b). The equilibrium condi-
tions for beam (1) read

N 3 3

A: 20Gy—3aFi=0 — Gy= F=_F,

" 1 1

G. —2&AV7GF1:0 — AV:72F1:72F,

For beam (2) we obtain

N
B: —aFQ—Qan+2aGH:0,

2
G: 2aBy —2aBy, +aF>=0,

Solving the system of equations yields

1 5 5
Gp=,F+Gy=_F, By=0Cy=,F,

1 7 5
By= Fa+By= F, Ay=-Gy=-_F.

As a check we use the force equilibrium for the complete (fro-
zen) system according to Fig.5.21c:

t: Ay +B,-F-F=0 - —_ F+ F—-F—-2F=0,

F=0.

N Ot =
N TN

—: Ay+By=0 - — F+

5.3.3 Hinged Beam
Structures with a wide span width are necessarily often support-
ed by more than two supports. As an example, consider the beam
shown in Fig. 5.22a. Since r = 5, the system is statically indetermi-
nate with two degrees of statical indeterminacy (see Section 5.1.2).
Therefore, the calculation of the support reactions solely from the
equilibrium conditions is impossible.

A statically determinate multi-body structure can be obtained



E5.8

140 5 Support Reactions

s
P
s
s

mont /o
Gh % Go % % 7&1 % % % G2
b ¢ Fig. 5.22

if the continuous beam is divided into several parts by introducing
an appropriate number of hinges. Such a structure is called a
hinged beam.

If the number of these hinges is g, the continuous beam is di-
vided into n = g + 1 parts. Since each hinge transfers two force
components, the number of joint reactions is v = 2 g. Therefore,
according to (5.3) the necessary condition for statical determinacy
takes the form

r+v=3n — r+2¢g=3(g+1). (5.4)

Thus, the necessary number of hinges is given by
g=r—3. (5.5)

The beam in Fig. 5.22a has r = 5 support reactions. Therefore,
according to (5.5) two hinges are necessary: g = 5 — 3 = 2. The-
re are various possibilities for arranging the hinges; the support
and joint reactions depend on their positions. One possibility is
depicted in Fig.5.22b. In contrast, Fig.5.22c shows a hinge ar-
rangement leading to a movable, i.e., kinematically indeterminate
structure that is statically useless.

To determine the support and joint reactions, we first divide
the hinged beam into its parts and subsequently apply the equili-
brium conditions to each body.

Example 5.8 The hinged beam shown in Fig. 5.23a is loaded by
the single force F' and the line load gg.
Determine the support and hinge forces.
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Solution The system is statically determinate. We separate the
two bodies and draw the free-body diagram (Fig.5.23b). The line
load can be replaced by its statically equivalent resultant force
R =2¢qg! acting in the middle of beam (@.

It is often advantageous to use moment equations with respect
to the hinges and the supports. The unknowns can then be calcu-
lated successively from equations with only one unknown. Here,
the equilibrium conditions for beam (1) read

| A

Fig. 5.23

N 1

A: —IR+2IG,=0 — GV:2R:qOZ,
2 1

—: —Ap+Gg=0
and those for beam (2) are

A

A

c: 3lGy —-2lB=0,

The solution of the remaining system of equations is

3

3
H GH , 2Gv 2(1017
1 1
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As a check, the force equilibrium conditions for the complete
system are used (Fig.5.23c):

—: —Ay+F=0 —» —-F+4+F=0,
T Ay —2¢l+B+C=0

3 1
— qu72qu+2qu*2qu:0.

5.3.4 Kinematical Determinacy
In this section, statical and kinematical determinacy or indeter-
minacy is discussed in more detail than in Section 5.3.1. Again,
we will restrict the discussion to plane multi-part structures.
The number f of degrees of freedom of an n body system wi-
thout any joints is given by 3n (3 degrees of freedom for each bo-
dy). This number is reduced by the number of restraints r through
supports and the number of restraints v through joints:

f=3n—(r+v). (5.6)

Each restraint r and v, respectively, is associated with one support
or joint reaction. Furthermore, the number of available equilibrium
conditions is given by 3n (three equations for each body).

For f > 0 the system is movable. In contrast, for f < 0 the
number r 4+ v of support and joint reactions exceeds the number
3n of equilibrium conditions by x. In this case, the system is stat-
ically indeterminate where the degree = of statical indeterminacy
is given by

xr=—f=r+v—-3n. (5.7)

Even though it is impossible to determine all support and joint
reactions of statically indeterminate systems solely from the equi-
librium conditions, it may be possible to calculate some react-
ions in certain cases. For example, let us consider the system in
Fig. 5.24a, where on account of n = 2, r = 5 and v = 2, the de-
gree of statical indeterminacy is equal to one. Nevertheless, for
beam GC, the force components in the hinge G and the force in
the simple support C can be calculated for a given loading from
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the three equilibrium conditions. Two other examples of systems
with one or two degrees of statical indeterminacy, respectively, are
depicted in Figs. 5.24b and c. In both cases the support reactions
can be calculated from the equilibrium conditions applied to the
complete structures: the systems are externally statically determi-
nate. However, the joint reactions (force in the strut, forces in the
hinges) between the parts of the systems cannot be calculated.
Such systems are called internally statically indeterminate.

Statically indeterminate systems in certain cases can undergo
finite or infinitesimal displacements, i.e., they are then also ki-
nematically indeterminate. As an example, the system shown in
Fig. 5.24d is one-degree statically indeterminate because n = 2,
r = 5 and v = 2. However, it can be seen that the system is
not immovable since the vertical beam can rotate infinitesimally
about G. It is evident that such a structure is not able to carry
arbitrary loads.

Finally, for f = 3n — (r + v) = 0 the necessary condition for
statical determinacy is fulfilled (cf. (5.3)). Then all support and
joint reactions can be calculated except in the exceptional case of
a movable system.

Now we will answer the question of how we can determine whe-
ther or not a multi-part structure is movable. Let us first consider
only plane systems fulfilling the necessary condition for statical
determinacy (f = 0). Whether the system is movable or not can
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always be formally decided by rewriting the equilibrium conditions
in the form of a linear system of equations (cf. Appendix A.2):

Ax=b. (5.8)
Here, b = (b1,... ... ,b3n)T is given by the prescribed loading,
x = (z1,...,73,)" represents the unknown support and joint re-

actions, and the matrix A is given through the coefficients found
through writing down the equilibrium conditions. The system of
equations has a unique solution if the determinant of matrix A is
nonzero:

detA #0. (5.9)

The multi-part structure with f = 0 is then not only statically but
also kinematically determinate. This condition is very general; it
also holds for an arbitrary spatial system.

Example 5.9 Formulate the equilibrium conditions for the beam
shown in Fig.5.25a (0 < a < 7) in the form Ax = b. Calculate
the determinant of the matrix A. Is the system statically useful
for every value of angle a?

g oo

B R v
- A o
a | ! | b

Fig.5.25

Solution The equilibrium conditions (cf. Fig. 5.25b)

—: By — Csina=0,
1T: By +Ccosa—F =0,
~

C: IBy —(l—a)F =0

can be written in matrix representation as
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1 0 —sina By 0
0 1 cosa By | = F ie, Ax=0»>.
07 O C (l—a)F

The determinant of A is evaluated through cofactor expansion
along the first column:

1 0 —sina
detA=|0 1 cosa|=1-
0!l o0

1 cos«
=—lcosa.

Consequently, we find that

#0 fora#w/2,
=0 fora=m/2.

detA

Thus, the beam is supported kinematically determinate (immobi-
le) for o # 7/2 and kinematically indeterminate solely for o =
/2. In the latter case, the simple support C' can move in the ver-
tical direction. Then the beam may rotate infinitesimally about
the hinged support B and is therefore statically useless.

It should be mentioned that even though the beam is formally
useful for angles « near /2, such a construction should be avoided
from the technical point of view because the forces in the supports
become very large in this case.

5.4 Supplementary Problems

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

5.4
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Example 5.10 The beam
in Fig.5.26 is supported Qo m
by three struts and sub- | I

jected to a triangular line 3aL .

load. 4
Determine the forces

in the struts.

F—a—#—a—»‘ka—»‘

Fig. 5.26

Results: see (B) S; =10¢oa/9, Sz =—qoa, S35 =—10ga/9.

Example 5.11 The struc-
ture shown in Fig.5.27
consists of a beam and

three bars. It carries a

concentrated force F'.
Determine the sup-

port reaction at A and

the forces in the bars.

‘<— > »‘
IR
—
[\
o w

‘F a 4‘ Fig.5.27

Results: see (B) Ay =F, Ay =—1F/h,
S1=—1F/h, S;=I1F/(htana), Ss=—I1F/(hsina).

Example 5.12 The simply supported beam (length ¢ = 1 m) shown
in Fig.5.28 is subjected to the three concentrated forces F; =
4kN, F = 2kN, F5 = 3kN, the line load go = 5kN/m and the
moment My = 4KkNm.

Calculate the support *F ! PQH%_*E‘ M,
reactions. . 45° * * J)
i

4%

[«— a — - O —|=— a4 —

Fig.5.28

Results: see (A) A =7.11kN, By =141kN, By =6.30kN.
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Example 5.13 Find the support
reactions for the hinged beam _
shown in Fig.5.29.

9o
BEEEEEEER
A B

- D

Fig.5.29 | 3a t=a =~

Results: see (A) Ay = Tqoa/2,

D =5P/3+45¢0a/6,

Apg = —4P/3 — 2 qpa/3,
My = —3 qoa®.

Example 5.14 The hinged beam in Fig. 5.30 carries a concentrated

force and a triangular line load.
F qo
a;\ G o

Determine the support
reactions and the force in

the hinge. A S © A B C
7% 7777 7777
Figss0  AALAlL S |

Results: see (B) B = (3qoa+5F sinw)/8, C = (9goa—F'sina)/8,
Gu =0.

Ay = Fsina/2, Ay =Fcosa, Gy = Fsina/2,

Example 5.15 Determine the

support reactions for the

it

structure shown in Fig.5.31. ?
The pulley is frictionless. 9R
o
Fig.531 = 2R—= 3R ‘

Results: see (A) Apg =3F, Ay =5F/2,

By = —3F, By = —3F/2.

E5.13

E5.14

E5.15
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Example 5.16 A homogeneous beam (weight W) hangs on a crane
(Fig. 5.32).

Determine the support reactions at A and B and the force at
hinge C.

| v 1]

2 2 Fig.5.32

Results: see (B) Ay =4W/7, Apg =W/2, By =3W/T,
By = -W/2, Cy =2W/21, Cy=—-W/2.

Example 5.17 A mast (weight W) has a hinged support (ball-and-
socket connection) at A.
In addition it is suppor-
ted by two struts. Its up-
per end carries a weight
Wy (Fig. 5.33).

Determine the reaction
force at A and the forces
in the struts.

Fig.5.33

Results: see (B) Az =0, A, = (W1 +2W,)/4, A, =W1/2,
S1 =5 = —\/6 (W1 +2W2)/8.
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Example 5.18 Determine the P
support reactions for the *
frame shown in Fig. 5.34.

o~

[——— e — -

[\)

e [ty
Fig. 5.34 12 12

Results: see (A) Ay =F/3, Ay =—-F/6,
B=+2F/6, Cy=F/2, Cy=F.

Example 5.19  Calculate
the support reactions for
the spatial structure in
Fig.5.35.

Fig.5.35

Results: see (A) A, = -4, =2¢a, A, =q.a/2,
B, = _QOa/Qa Cy =2¢.a, D, = —q.a.

E5.18

E5.19
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5.5 Summary

Supports and connecting elements, respectively, are classified
according to the number of transferred reaction forces and cou-
ple moments. A simple support transfers one reaction, a hinged
support two reactions etc. Analogously, a hinge as joining ele-
ment transfers two reactions etc.

A structure is statically determinate if all support and joint

reactions can be calculated from the equilibrium conditions.

This is the case if the number of unknown support and joint

reactions is equal to the number of equilibrium conditions and

the structure is immobile.

A structure is kinematically determinate if it is immobile. A

structure that can undergo finite or infinitesimal displacements

is kinematically indeterminate.

To calculate the support and joint reactions usually the follo-

wing steps are necessary:

¢ Removal of the supports from the structure and separation
of the individual bodies.

o Sketch of the free-body diagrams; all acting forces and cou-
ple moments as well as all reaction forces and couple mo-
ments must be drawn.

o Formulation of the equilibrium conditions. In the plane case
there are 3 equations for each body, e.g.

S F.=0, Y F,=0, Y M=o,

where A is an arbitrary (appropriately chosen) reference
point. In the spatial case there are 6 equilibrium conditions
for each body.

¢ Calculation of the unknowns by resolution of the system of
equations. Note: the number of equilibrium conditions and
the number of unknowns must be equal!

¢ The system of equations has a unique solution if the de-
terminant of the coefficient matrix is nonzero. Then the
structure is statically and kinematically determinate.
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Objectives: A truss is a structure composed of slender
members that are connected at their ends by joints. The truss is
one of the most important structures in engineering applications.
After studying this chapter, students should be able to recognise
if a given truss is statically and kinematically determinate. In
addition, they will become familiar with methods to determine
the internal forces in a statically determinate truss.
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6.1 Statically Determinate Trusses

A structure that is composed of straight slender members is called
a truss. To be able to determine the internal forces in the indivi-
dual members, the following assumptions are made:

1. The members are connected through smooth pins (frictionless
joints).

2. External forces are applied at the pins only.

A truss that satisfies these assumptions is called an “ideal truss”.

Its members are subjected to tension or to compression only (two-

force members, see Section 2.4).

In real trusses, these ideal conditions are not exactly satisfied.
For example, the joints may not be frictionless, or the ends of the
members may be welded to a gusset plate. Even then, the ass-
umption of frictionless pin-jointed connections yields satisfactory
results if the axes of the members are concurrent at the joints. Al-
so, external forces may be applied along the axes of the members
(e.g., the weights of the members). Such forces are either neglected
(e.g., if the weights of the members are small in comparison with
the loads) or their resultants are replaced by statically equivalent
forces at the adjacent pins.

Fig. 6.1

In this chapter we focus on plane trusses; space trusses can be
treated using the same methods. As an example, consider the truss
shown in Fig.6.1. It consists of 11 members which are connected
with 7 pins (the pins at the supports are also counted). The mem-
bers are marked with Arabic numerals and the pins with Roman
numerals.

6.1
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To determine the internal forces in the members we may draw
a free-body diagram for every joint of the truss. Since the forces
at the pins are concurrent forces, there are two equilibrium con-
ditions at each joint (see Section 2.3). In the present example, we
thus have 7-2 = 14 equations for the 14 unknown forces (11 forces
in the members and 3 forces at the supports).

A truss is called statically determinate if all the unknown forces,
i.e., the forces in the members and the forces at the supports, can
be determined from the equilibrium conditions. Let a plane truss
be composed of m members connected through j joints, and let
the number of support reactions be r. In order to be able to de-
termine the m + r unknown forces from the 2 j equilibrium con-
ditions, the number of unknowns has to be equal to the number
of equations:

2j=m+r. (6.1)

This is a necessary condition for the determinacy of a plane truss.
As we shall discuss later, however, it will not be sufficient in cases
of improper support or arrangement of the members. If the truss
is rigid, the number of support reactions must be r = 3.

In the case of a space truss, there exist three conditions of
equilibrium at each joint, resulting in a total of 3j equations.
Therefore,

3j=m+r (6.2)

is the corresponding necessary condition for a space truss. If the
truss is a rigid body, the support must be statically determinate:
r = 6 (compare Section 3.2.2).

For the truss shown in Fig.6.2a we have j = 7, m = 10 and
r = 2-2 (two pin connections). Hence, since 2 - 7 = 10 + 4, the
necessary condition (6.1) is satisfied. The truss is, in addition,
completely constrained against motion. Therefore, it is statically
determinate.
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Fig. 6.2

A truss that is completely constrained against motion is called
a kinematically determinate truss. In contrast, a truss that is not
a rigid structure and therefore able to move is called kinematically
indeterminate. This is the case if there are fewer unknowns than
independent equilibrium conditions. If there are more unknowns
than equilibrium conditions, the system is called statically inde-
terminate.

We shall only consider trusses that satisfy the necessary con-
ditions (6.1) or (6.2), respectively. Even then, a truss will not
be statically determinate if the members or the supports are im-
properly arranged. Consider, for example, the trusses shown in
Figs.6.2b and 6.2c. With 7 = 6, m = 9 and r = 3 the necessary
condition (6.1) is satisfied. However, the members 7 and 8 of the
truss in Fig.6.2b may rotate about a finite angle ¢, whereas the
members 5 and 8 of the truss in Fig. 6.2c may rotate about an in-
finitesimally small angle dy. Each of the improperly constrained
trusses is statically indeterminate.

6.2 Design of a Truss

In the following, we shall discuss three methods for designing a
statically and kinematically determinate plane truss.

6.2
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Method 1: We start with a single bar and add two members to form
a triangle (see Fig. 6.3). This basic element represents a rigid body.
It may be extended by successively adding two members at a time
and connecting them in such a way that the structure remains
rigid (one has to avoid having two members along a straight line;
such an improper arrangement is indicated by the dashed line in
Fig.6.3). A truss designed from a basic triangle as described is
called a simple plane truss.

As can be verified by inspection, the relation
2j=m+3 (6.3)

is satisfied by the trusses shown in Fig.6.3. For every additional
joint in a simple truss, there are two additional members. The-
refore Equation (6.3) remains valid. If the truss is supported in
such a way that there are r = 3 unknown reactions that comple-
tely constrain the truss, then it is statically determinate (see the
necessary condition (6.1)).

Method 2: Two simple trusses are connected by three members
(Fig.6.4a). To ensure the rigidity of the system, the axes of the
members must not be parallel or concurrent. The two simple trus-
ses may also be connected by a joint and one member: the system
in Fig.6.4b has been obtained by replacing members 2 and 3 in
Fig. 6.4a by the joint L.

If two simple trusses are connected through one joint only, the
system is nonrigid. To obtain a statically and kinematically deter-
minate system, an additional support must be introduced; an ex-
ample is given in Fig. 6.4c. This system represents a three-hinged
arch. It should be noted that instead of connecting the two simple



6.2 Design of a Truss 157
I

F>

Fig. 6.4

trusses by one joint the trusses may be connected by two members
that are not parallel and not concurrent.

It can easily be verified that for the three examples shown in
Fig. 6.4, the necessary condition (6.1) is satisfied. Since these sys-
tems are completely constrained against motion, they are stati-
cally determinate.

Method 3: Consider a truss that has been designed according to
the first or the second method. If we remove one member of the
truss, the truss will become nonrigid. Therefore, we have to add
one member at a different position in such a way that the truss
will be rigid again. Since by doing so neither the number of the
members nor the number of the joints is changed, condition (6.1)
is still satisfied.

F F

Fig. 6.5 a 777 b 7777

An example of Method 3 is shown in Fig.6.5. If we remove
member 1 from the simple truss in Fig.6.5a, the system is on-
ly partially constrained. Adding member 1’ yields the statically
determinate truss shown in Fig. 6.5b.
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6.3 Determination of the Internal Forces

In the following, two methods to determine the internal forces
in the individual members of a statically determinate truss will
be discussed. In both methods, the conditions of equilibrium are
applied to suitable free-body diagrams.

6.3.1 Method of Joints

The method of joints consists of applying the equilibrium condi-
tions to the free-body diagram of each joint of the truss. It is a
systematic method and can be used for every statically determi-
nate truss.

In practice, it is often convenient first to identify those members
of the truss that have a vanishing internal force. These members
are called zero-force members. If the zero-force members are re-
cognised in advance, the number of unknowns is reduced, which
simplifies the analysis. It should be noted that the loading deter-
mines whether a member is a zero-force member or not.

S1 1 S1 1 F S1 1 2 S

S1=0, S3=0 Si=F, S2=0 S51=52, S3=0

a b c
Fig. 6.6

The following rules are useful in identifying zero-force members.

1. If two members are not collinear at an unloaded joint (Fig. 6.6a),
then both members are zero-force members.

2. Let two members be connected at a loaded joint (Fig.6.6b).
If the action line of the external force F' coincides with the
direction of one of the members, then the other member is a
zero-force member.

3. Let three members be connected at an unloaded joint (Fig. 6.6¢).
If two members have the same direction, the third member is a
zero-force member.

These rules can be verified by applying the equilibrium conditions
to the respective joints.
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Fig. 6.7

To free a member of a truss from its constraints we cut it at both
ends, i.e., at the adjacent joints (Fig.6.7a). The corresponding
free-body diagram is shown in Fig. 6.7b. The members in a truss
are subject to tension or to compression; Fig.6.7b shows a bar
under tension. According to Newton’s third law (actio = reactio),
forces S of equal magnitude and opposite directions act at the pins
T and II. As can be seen from Fig.6.7b an arrow that points away
from the pin (pull) indicates tension in the member, whereas an
arrow that points toward the pin (push) indicates compression.

It is not always possible to determine by inspection whether a
member is subject to tension or compression. Therefore, we shall
always assume that all the members of a truss are under tension.
If the analysis gives a negative value for the force in a member,
this member is in reality subject to compression.

The m +r unknown forces can be determined from the 25 equi-
librium conditions for the j joints. One may also apply the three
equilibrium conditions for the complete truss. These equations are
not independent of the equilibrium conditions at the joints. There-
fore they may provide a check on the correctness of the analysis. In
practice, it may be more convenient to determine first the support
reactions from the free-body diagram of the complete truss. Then
three other equilibrium equations within the method of joints will
serve as checks.

The method of joints can also be used to determine the forces in
a space truss where there are three equilibrium conditions at each
joint. If the truss is a rigid body, there must be six support forces
to ensure a statically determinate support. The six equilibrium
conditions for the whole truss can be used as a check. On the
other hand, if the support forces are computed in advance, six
other equilibrium equations within the method of joints may serve
as checks.
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Example 6.1 The truss shown in Fig. 6.8a is loaded by an external
force F.

Determine the forces at the supports and in the members of
the truss.

~———p
v Ss Ss VI Siz Sie VII
c A By

Fig. 6.8

Solution Fig.6.8a represents a simple truss that is completely
constrained against motion. Therefore, it is statically determinate.

The members of the truss are numbered in the free-body dia-
gram of the complete truss (Fig.6.8b). Zero-force members are
identified by inspection and marked with zeroes: member 4 (ac-
cording to Rule 2), the members 5 and 9 (Rule 3) and the members
10 and 13 (Rule 1).

To further reduce the number of unknown forces, we com-
pute the support forces by applying the equilibrium conditions
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to the whole truss:

— B,y =0,

"3 2
A: —4lF4+6lB,=0 — BV:3F,
2 1
B: —6lA+2IF =0 — A:BF.

Fig. 6.8c shows the free-body diagrams of the joints. As pre-
viously stated, we assume that every member is subjected to ten-
sion. Accordingly, all of the corresponding arrows point away from
the joints. Zero-force members are omitted in the free-body dia-
grams. Therefore, joint VII need not be considered. Applying the
equilibrium conditions to each joint yields

I) —:

1
IT) 1
) —:
V) —:

0
V) —:

1
VI) —:
VII) —:

1T

So 4+ Sscosa =0,

S1+ S3sina=0,
S1+A=0,

S —S2=0,

Ss + S7cosa— Szcosa =0,
S7sina + Sgsina =0,
S11cosa— Sg — Srcosa =0,
Szsina + Syysina+ F =0,
S12 =85 =0,

By — S11cosa— S12 =0,

By, + Siisina=0.

These are 11 equations for the 8 unknown forces in the mem-
bers and the 3 forces at the supports. Since the support forces
have been computed in advance and are already known, the ana-
lysis is simplified, and three equations may be used as a check
on the correctness of the results. Using the geometrical relations
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sina =1/V512=1/v/5, cosa =21/V512 = 2/1/5, we obtain

1 2 V5
Slz—SF, SQ:SG:—SF,SB: 3 F,
V5 4 2
S;=—""F,S=S.=_F, S3y=—_+5F.
7 3 5 P8 12 3 9 11 3\/

It is useful to present the results in dimensionless form in a
table, including negative signs:

Table of Forces
7 1 2 3 4 5 6 7 g8 9 10 11 12 13

The negative values for the members 1, 2, 6, 7 and 11 indicate
that these members are under compression.

E6.2 Example 6.2 Fig.6.9 shows a spatial truss loaded by two external
forces F' at the joints IV and V.
Compute the forces in the members 1-6.

Fig.6.9
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Solution We free the joints V and IV by passing imaginary cuts
through the bars, and we assume that the members 1-6 are in
tension. The vector equations of equilibrium for these joints are
given by

V: Siey + Sqe
IV: —Sie,+ Sse

— Sse, +Fe, =0,

v/ VI

— Sse, + Sge + Fe, =0.

vV /VI v/I

The initially unknown unit vectors can be determined from the

vectors connecting adjacent joints, e.g., for e, we obtain

/

B 1 —a 1 -1
ev/w_\/a2+a2+a2 “ V3 1
—a -1
Similarly, the other unit vectors are
LD o
vt = -1 évn= -
3 5
va | vs |
1 0 0
e =101, ey=111, e:= |0
0 0 1

Introducing these into the two vector equations we get the six
scalar equations

. 1 _ . 1 2
V. *SQ\/B*SAL—O, Iv: *SB\/3*557SG\/5*07

1 _ 1 1 _
Sl+52\/3—0, _51_53\/3_56\/5_07

1 _ 1 _
— S+ F =0, S5y +F =0,

Their solution yields the forces
Sy =+/3F, S, =—F, S, =—F,

Ss =+/3F, S =0, Sy = —F.



164 6 Trusses

6.3.2 Method of Sections

It is not always necessary to determine the forces in all of the
members of a truss. If several forces only are of interest, it may be
advantageous to use the method of sections instead of the method
of joints. In this case, the truss is divided by a cut into two parts.
The cut has to be made in such a way that it either goes through
three members that do not all belong to the same joint, or passes
through one joint and one member. If the support reactions are
computed in advance, the free-body diagram for each part of the
truss contains only three unknown forces that can be determined
by the three conditions of equilibrium.

1 Fy
N
A

e sy N ey p Dy B

i
S1
f—

53 F3
Fig.6.10

To illustrate the method, we consider the truss shown in Fig.
6.10a with the objective of determining the forces in members
1-3. As a first step, the reactions at the supports A and B are
computed by applying the conditions of equilibrium to the free-
body diagram of the whole truss (not shown in the figure). In the
second step, we pass an imaginary section through the members
1-3, cutting the truss into two parts. Fig.6.10b shows the free-
body diagrams of the two parts of the truss. The internal forces
in members 1-3 act as external forces in the free-body diagrams;
they are assumed to be tensile forces.
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Both parts of the truss in Fig.6.10b are rigid bodies in equi-
librium. Therefore, either part may be used for the analysis. In
practice, the part that involves a smaller number of forces will
usually lead to a simpler calculation. We shall apply the equilibri-
um conditions to the free-body diagram on the left-hand side of
Fig.6.10b. It is advantageous to use moment equations about the
points of intersection of two unknown forces. Each of the corre-
sponding equations contains one unknown force only and can be
solved immediately:

a
I: —2aAy +aF1+aS3=0 — S3 =24, — F1,

A
II: —3aAy —aAy+2aly—aS =0
- S1=2F -3A, - Ay,

1
TZ AV—F1—2\/2;S’2:O — SQZ\/Q(AV—Fl).

Since the support reactions have been computed in advance, the
forces in members 1-3 are now known.

In many cases, the method of sections can be applied without
having to determine the forces at the supports. Consider, for ex-
ample, the truss in Fig.6.11a. The forces in members 1-3 can be
obtained immediately from the equilibrium conditions for the part
of the truss on the right as shown in Fig.6.11b.

Fl Sl Fl
F>

Fig. 6.11

The method of sections is also applicable to spatial trusses.
Since there are six equilibrium conditions for a rigid body in the
case of a spatial problem, the truss has to be divided by a cut
through six members, or through three members and a pin.
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E6.3 Example 6.3 A truss is loaded by two forces, F} = 2 F and F, =
F, as shown in Fig.6.12a.
Determine the force Sy.

Fl Fl

A A B s
L2a+‘¢ 2a »‘+2a4
a

r—Ba—ﬁ

ol

Fig. 6.12

Solution First, we determine the forces at the supports. Applying
the equilibrium conditions to the free-body diagram of the whole
truss (Fig.6.12b) yields

) - F

A BaF +aF+6aB=0 —» B=" 16 2:217,
A 3FL+ F: 7
B: —6aA, +3aF +aF,=0 — A= 16+ ol
4)

AHfFQZO — AH:FQZF

Then we pass an imaginary section through the members 4-6
(Fig. 6.12c). The unknown force S follows from the moment equa-
tion about point I (intersection of the action lines of the forces
Ss and Sg) of the free-body diagram on the left-hand side of
Fig. 6.12c:

)
I: 2a8:4+2aAy —3aA, =0
1 3
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The corresponding moment equation for the free-body diagram
on the right-hand side may be used as a check:

A
I: —2aS4+3aB —aFy=0

- Sy = (3B7F2):3F.

1
2

6.4 Supplementary Problems

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 6.4  The truss F Fy

shown in Fig. 6.13 carries 1 +

the two forces F; = F

and Fy, = 3F. A B
Calculate the forces in b

the members 1, 2 and 3.

‘4@ >‘4@ >‘

Fig.6.13 | ‘ ‘ ! - !

Results: see (B) Sy = —2F/3, Sy =—V2F/3, S3=F.

Example 6.5 Determine +F

the forces in the mem- 1 -
bers 1, 2 and 3 of the
truss shown in Fig. 6.14.

Sy
|[— 2 =2 ]

Fig. 6.14 [ @ > G e 0> 0=

Results: see (A) Sy = —3F/2, Sy=—V2F/2, S3=3F.

6.4

E6.4

E6.5
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Example 6.6 The structure

in Fig.6.15 consists of a l .
hinged beam AB and five 44 I BT
bars. It is subjected to a li- W T
ne load ¢q.

Determine the forces in 1 4a 1 2a 1 2a } da |
the bars. Fig.6.15

Results: see (B) S; =S54 =15¢.a/4, Sz =S53=—-9¢.a/4,

S5 = 3qoa.
Example 6.7 Determine 1 4
the forces in the mem- ?AL 7
bers 1-7 of the truss y 2 i
shown in Fig. 6.16. A 3D;[}§ LB V‘}Zgoo
B R
Fig. 6.16
9 9
Results: see (A) Si=S5i=-F, 52:8¢2F, S; =0,
9 V3 7 11 V3
= — F = 2F = — F
53 (8 2) 55 8\/ L (8 2)

Example 6.8 The truss shown in
Fig.6.17 carries the forces F; =
10kN and F5 = 20kN.

Calculate the forces in all the
members.

Fig. 6.17

Results: see (A) S;=5,=-S3=11.6kN, S;=—-5.8kN,
S5 — —S, = 34.6kN, Sg——289KkN, Sg— 46.2kN.
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Example 6.9 A rope is E6.9
. ‘ 4a _ 2a  a  a
guided around the \ \ fa—t—s]

smooth pin C of

the truss shown in
Fig.6.18. One end of
the rope is connected
to a rigid wall; the

other end carries a box
of weight W.

Calculate the force
S11 in member 11.

Result:  Sy; = (1 —V2/2)W.

Example 6.10 The truss
shown in Fig.6.19 car-
ries the forces F; = 10
kN and F; = 20 kN (gi-
ven: ¢ = 3 m).

E6.10

Calculate the forces
in the members 6 and 8.

8 —f— s —

f~— @ —f=— a —==— a —=]

Fig.6.19

Results:  Sg =0, Ss=10v2kN.
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Example 6.11 Determine the

support reactions and thé —,
forces in the members of
the space truss shown in
Fig. 6.20.

Fig.6.20

Results: see (A) A, =A,=0, A, =C,=-F/2,
B,=-B,=F, S;=85=F/V2,
Sy =—V2F, Sy=-F/2, Ss=28=0.

Example 6.12 Calculate the forces in all the members of the space
truss in Fig. 6.21.

Fig. 6.21

Results: see (A) S; =Sy =—-P/V2, S3=+2P,
Sy =—-S7==-8Sg=P/2, S5=5;=5=0,
S0 =S12=—V11P/2, Sy =4P.
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6.5 Summary

e A trussis a structure that consists of straight members connec-
ted at joints.

e A truss is statically determinate if the forces in the members
and at the supports can be determined from the equilibrium
conditions. This is the case if the number of the unknown forces
equals the number of the independent equilibrium conditions
and the system is rigid.

e A truss is kinematically determinate if it is completely con-
strained against motion. It is kinematically indeterminate if it
is nonrigid and therefore can undergo a finite or an infinitesimal
motion.

e The internal forces in the members and the support reactions
can be determined with the method of joints:

o Draw free-body diagrams of all the joints. Introduce the
external loads, the support reactions and the forces in the
members. Assume that the force in each member is a tensile
force.

o Write down the equilibrium conditions for the joints (2
equations for a plane truss, 3 equations for a spatial truss).

¢ Solve the system of equations.

¢ The system of equations has a unique solution if the deter-
minant of the matrix of the coefficients is not equal to zero.
Then the truss is statically and kinematically determinate.

e It is usually more practical to apply the method of sections
instead of the method of joints if only several forces are to be
determined.

6.5
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Objectives: Beams are among the most important ele-

ments in structural engineering. In this chapter it is explained
how the internal forces in a beam can be made accessible to cal-
culation.

The normal force, the shear force and the bending moment are
introduced. Students will learn how to determine these quantities
with the aid of the conditions of equilibrium. In addition, they will
learn how to correctly apply the differential relationships between
external loading and internal forces.
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7.1 Stress Resultants

Beams are slender structural members that offer resistance to ben-
ding. They are among the most important elements in enginee-
ring. In this chapter the internal forces in structures composed of
beams are analyzed. Knowledge of these internal forces is impor-
tant in order to be able to determine the load-bearing capacity
of a beam, to compute the area of the cross-section required to
sustain a given load, or to compute the deformation (see Volume
2). For the sake of simplicity, the following discussion is limited
to statically determinate plane problems, as indicated in Fig. 7.1a.

pel T/

a

I

p
é
——
—

Fig. 7.1

According to Section 1.4, the internal forces in a beam can be
made visible and thus accessible to calculation with the aid of
a free-body diagram. Accordingly, we pass an imaginary section
perpendicularly to the axis of the beam. The internal forces p
(forces per unit area) acting at the cross-section are distributed
across the cross-sectional area (Fig. 7.1b). Their intensity is called
stress (see Volume 2). The actual distribution of the forces across
the cross-section is unknown; it will be determined in Volume 2,
Chapter 4. However, it was shown in Section 3.1.3 that any force
system can be replaced by a resultant force R acting at an arbi-
trary point C' and a corresponding couple M (). When carrying
this out, we choose the centroid C of the cross-sectional area as
the reference point of the reduction. The reason for this particu-
lar choice will become apparent in Volume 2. In the following, we

7.1
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adopt the common practice of omitting the superscript C that
refers to the reference point: instead of M(©), we simply write M.
The resultant force R is resolved into its components N (normal
to the cross-section, in the direction of the axis of the beam) and
V (in the cross section, orthogonal to the axis of the beam). The
quantities N, V and M are called the stress resultants. In parti-
cular,

N is called the normal force, V' is the shear force and M is
the bending moment.

q F,
M MV
)+ ¢ 131 '/%

M VY Fig.7.2

In order to determine the stress resultants, the beam may be
divided by a cut into two segments (method of sections). A free-
body diagram of each part of the beam will include all of the
forces acting on the respective part, i.e., the applied loads (forces
and couples), the support reactions and the stress resultants ac-
ting at the cut sections. Because of Newton’s third law (action
equals reaction) they act in opposite directions at the two faces
of the segments of the beam (compare Fig.7.2). Since each part
of the beam is in equilibrium, the three conditions of equilibrium
for either part can be used to compute the three unknown stress
resultants.

Before we can provide examples for the determination of the
stress resultants, a sign convention must be introduced. Consider
the two adjoining portions of the same beam shown in Fig.7.3.
The coordinate x coincides with the direction of the axis of the
beam and points to the right; the coordinate z points downward.
Accordingly, the y-axis is directed out of the z, z-plane (right-hand
system, see Appendix A.1). By cutting the beam, a left-hand face
and a right-hand face are obtained (see Fig.7.3). They are cha-
racterized by a normal vector n that points outward from the
interior of the beam. If the vector n points in the positive (negati-
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ve) direction of the z-axis, the corresponding face is called positive
(negative). The following sign convention is adopted:

Positive stress resultants at a positive (negative) face point
in the positive (negative) directions of the coordinates.

Here, the bending moment M has to be interpreted as a moment
vector pointing in the direction of the y-axis (positive direction
according to the right-hand rule). Fig. 7.3 shows the stress resul-
tants with their positive directions. In the following examples, we
shall strictly adhere to this sign convention. It should be noted,
however, that different sign conventions exist.

In the case of a horizontal beam, very often only the z-coordi-
nate is given. Then it is understood that the z-axis points down-
ward. Sometimes it is convenient to use a coordinate system where
the z-axis points to the left (instead of to the right) with the z-
axis again pointing downward (compare Example 7.4). Then the
y-axis is directed into the plane of the paper. In this case, only
the positive direction of the shear force V' according to Fig. 7.3 is
reversed, the positive directions of M and N remain unchanged.
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The sign convention for frames and arches may be introduced
by drawing a dashed line at one side of each part of the system
(Fig. 7.4a). The side with the dashed line can then be interpreted
as the “underneath side” of the respective part and the coordinate
system can be chosen as the one for a beam: z-axis in the direction
of the dashed line, z-axis toward the dashed line (“downward”).
Fig. 7.4b shows the stress resultants with their positive directions.
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We will now determine the stress resultants for the simply sup-
ported beam shown in Fig. 7.5a. First, the support reactions are
computed from the equilibrium conditions for the free-body dia-
gram of the beam as a whole (Fig.7.5b). With Fyy = F'sina and

Fyg = F cosa we obtain
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— AHfFHZO — AH:FH,
2 a
A: IB—aFy=0 — B:ZFV,
A b
B: —-lAy+bFy =0 — Ay = _Fy.

l

In a second step, a coordinate system is chosen and the beam is
divided into two parts by a cut at an arbitrary position x between
the points A and D (0 < z < a, Fig. 7.5b). The free-body diagram
of the left-hand segment of the beam is depicted in Fig. 7.5¢c. We
shall always represent the stress resultants at the cut section with
their positive directions. If the analysis yields a negative value
for a stress resultant, the resultant acts in opposite direction in
reality. The equilibrium conditions for this part of the beam yield

— Ag+N=0 — N:—AH:—FH,

b
T: AV7V:0 — V:AV:ZFv,

~ b
C: zAy—-M=0 — M::L'AV::L'ZF\/.

Now we cut the beam at an arbitrary position « between points D
and B (a < z < 1). The free-body diagram of the left-hand part is
depicted in Fig. 7.5d. From the equilibrium conditions we obtain

— Ay —Fg+N=0 - N=Fyg—Ayg =0,
b—1
T: Avavf‘/:O*) V:AvaV: I FV
- "R =-B,

~
C: 2Ay —(z—a)Fy —M =0 - M =x2Ay — (x —a)Fy

:(kgls)aFv.

It should be noted that the equilibrium conditions for the cor-
responding right-hand parts yield the same results for the stress
resultants. Usually, the part of the beam with a smaller number
of forces will be chosen, since it allows for a simpler calculation of
the results.
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The stress resultants are functions of the coordinate x; they
are shown graphically in Fig.7.5e. These graphs are called the
shear-force, mormal-force and bending-moment diagrams, respec-
tively. The shear-force and normal-force diagrams display a jump
discontinuity at point D (point of application of the external force
F). The jumps have the magnitude of the components Fy and Fy,
respectively. The bending-moment diagram shows a slope discon-
tinuity (kink) at D. The maximum bending moment is located at
D. Tt is usually the most important value in the design of a beam
(see Volume 2).

This example shows that, in order to determine the stress re-
sultants, the beam may be sectioned at an arbitrary position x
between two concentrated loads (external loads or support reac-
tions). The process of sectioning has to be performed for each such
span. Since there are discontinuities at the points of application
of a concentrated load, these points should not be chosen for a
section (compare however Section 7.2.5).

7.2 Stress Resultants in Straight Beams

Beams are usually subjected to forces perpendicular to their axes.
If there are no components of forces (external forces or support
reactions) in the direction of the axis of a beam, the normal force
vanishes: N = 0. In the following subsections, we shall concentrate
on such problems.

7.2.1 Beams under Concentrated Loads
In order to determine the stress resultants V' and M we choose
a coordinate system and imagine the beam cut at an arbitrary
position z. The stress resultants are represented with their positive
directions in the free-body diagrams; they can be computed from
the equilibrium conditions for either portion of the beam. The
results of the analysis are usually presented in a shear-force and
a bending-moment diagram.

As an alternative to this elementary method, there exists an-
other method to determine the stress resultants. It is based on the
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differential relationships between the load and the stress resultants
and will be presented in the Sections 7.2.2 to 7.2.4.

For the sake of simplicity, we restrict the discussion in the
following to beams that are subjected to concentrated loads and
to couples. As an example we consider the simply supported beam
shown in Fig. 7.6a.

lFl lF, an lF1 le
~ V-
N N\

Fig. 7.6

The support reactions are obtained from the equilibrium condi-
tions for the free-body diagram of the beam as a whole (Fig. 7.6b):

I IB=Y aiF;+> Mi=0 — B= } {ZaiFi—ZMi},

AN
B: _lA+Z(l_ai)Fi+ZMi =0

1
Now, let us imagine the beam cut at an arbitrary position x
(Fig. 7.6¢). Since the normal force is equal to zero, it is not shown
in the free-body diagram. The equilibrium conditions for the left-
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hand portion of the beam,
T A=) F-V=0,
o —2 A+ (x—a)Fi+> M;+M=0,
yield the shear force and the bending moment:
V=A-YF, (7.1)
M=2zA=Y (x—a)F;—Y M. (7.2)

The summations in (7.1) and (7.2) include only the forces F; and
the couples M; acting at the left-hand portion of the beam.

The stress resultants can also be computed with the equilibrium
conditions for the right-hand part of the beam. Usually, the part
of the beam that allows for a simpler calculation of the results is
chosen.

The shear-force diagram is shown in Fig. 7.6d. According to
(7.1), the shear force is piecewise constant. The shear-force dia-
gram has jump discontinuities at the points of application of the
concentrated forces F;. The magnitude of a jump is equal to the
magnitude of the respective force.

According to (7.2), the bending moment (Fig. 7.6e) is a piece-
wise linear function of the coordinate z. The diagram displays
slope discontinuities (kinks) at the points of application of the
forces F; and jump discontinuities (magnitudes M;) at the points
of application of the external couples M;. The supports A and B
(hinge and roller support) cannot exert a moment. Therefore, the
bending moment is zero at the end-points of a simply supported
beam.

A relationship exists between the bending moment and the
shear force. If the derivative of (7.2) with respect to x is calculated
and (7.1) is applied, we obtain

dM
=A- F,=V. .
& YN F=V (7.3)

The slopes of the straight lines in the bending-moment diagram
are thus given by the corresponding values of the shear force.
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Example 7.1 The simply supported beam in Fig. 7.7a is subjected E7.1
to the three forces Fy = F, Fp, =2 F and F3 = —F.
Draw the shear-force and bending-moment diagrams.

v

F, |Fy, |F3 A=3F F
e e
) e e e

oy

Fig. 7.7

Solution As a first step we draw the free-body diagram of the
entire beam (Fig. 7.7b) and compute the support reactions A and
B. The equilibrium conditions yield

2 1
A: —aF—-2a2F+3aF+4aB=0 — B:2F,
2 3
B: —4aA+3aF+2a2F —-aF =0 — A:2F.

In the next step, we pass imaginary sections at arbitrary positions
x in each span between two concentrated loads. The equilibrium of
the forces for the left-hand parts of the beam yields the shear force
(the corresponding free-body diagrams are not shown in Fig. 7.7):

V=A=3F/2 for 0<z<a,
V=A—-F=F/2 for a<z<2a,
V=A—F—2F=—3F/2 for 2a<z<3a,

V=A-F-2F+F=-F/2 for 3a<az<d4da.
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The bending moment is obtained from the equilibrium of the mo-
ments:

M::rA:g:rF for 0<z<a,
M=2A-(z—a)F =(a+ j2)F for a<z<2a,
M =zA— (z — a)F — (z — 2a)2F = (5a — 3 )F
for 2a <z <3a,
M=zA—(z—a)F — (z —2a)2F + (z — 3a)F
=(2a— J2)F for 3a <z <4a.

It should be noted that it would have been simpler to use the
right-hand parts instead of the left-hand parts for x > 2a.

The shear-force and bending-moment diagrams are shown in
Fig.7.7c. The bending-moment diagram has a positive (negative)
slope in the regions of a positive (negative) shear force.

The values of the stress resultants at the right-hand end of the
beam (z = 4 a) may serve as checks:

— the shear force has a jump discontinuity of magnitude B (the
diagram should close at z = 4a),

— the bending moment is zero (roller support at the end of the
beam).

Since the beam in Fig. 7.7a is simply supported, the results for
V and M are already given by (7.1) and (7.2).

E7.2 Example 7.2 Determine the shear-force and bending-moment dia-
grams for the cantilever beam shown in Fig. 7.8a.

Solution First, the support reactions are calculated with the aid
of the free-body diagram of the whole beam (Fig. 7.8b). The equi-
librium conditions yield

0 A-F=0 —~ A=F,

VA
A: —M,+My—IF=0 — M,=My—IF=IF.
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In order to obtain the shear force, we section the beam at an
arbitrary position x (since there is no concentrated load acting
between both ends of the beam, only one region of = needs to be
considered). The shear force follows from the equilibrium conditi-
on of the forces in the vertical direction:

V=A=F for 0<z<lI.

Because of the couple My at the center of the beam, two regions
of £ must be considered when the bending moment is calculated.
Accordingly, we pass a cut in the region given by 0 < = < /2
and another one in the span [/2 < x < [. The equilibrium of the
moments yields

l
M=M,+zA=(I+2x)F for O<$<2,

M=My,+2zA—-My=(z—1)F for <z<l.

The shear-force and bending-moment diagrams are shown in
Fig. 7.8c. The shear force is constant over the entire length of the
beam. The bending moment is a linear function of the coordinate
z and has a jump of magnitude My = 2] F at the point of ap-
plication (z = 1/2) of the external couple My. The two straight
lines in the regions « < /2 and = > [/2 have the same slope since
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the shear force has the same value in both regions (see (7.3)).

It should be noted that in this example the support reactions
need not be calculated in order to determine the shear force and
the bending moment. If we apply the equilibrium conditions to
the right-hand portions of the cut beam, the stress resultants are
obtained immediately. The support reactions A and M4 can then
be found from the diagrams: they are equal to the shear force and
the bending moment, respectively, at z = 0.

Example 7.3 Draw the diagrams of the stress resultants for the
beam shown in Fig. 7.9a.
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Solution The support reactions follow from the conditions of
equilibrium for the whole beam (Fig. 7.9b). With the components
By = By of the reaction force B (action line under 45° against
the vertical axis) we obtain
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~ M,
A: My-1By=0 — By=By="",
~ M,
B: lAv+My=0 — Ay=-— lO’

M,
— AH—BHZO — AH: ZO.

The forces A and B represent a couple with the moment M.
Since there is a discontinuity in the bending moment, two re-

gions of x must be considered to describe it for the entire beam.

First, we imagine the beam being cut in the region x < a. The

equilibrium conditions for the left-hand portion of the beam (Fig.
7.9¢) yield

— Ag+N=0 — N:fAH:fA?O,
M
T Ay -V =0 — V=Ay=- 10’
) X
C: —xAy+M=0 — M:acAV:—lMO.

In order to obtain the stress resultants to the right of the applied
couple, the beam is sectioned at a position x > a. Now it is simpler
to use the free-body diagram of the right-hand portion of the beam
(Fig.7.9d). Notice the positive directions of the stress resultants

(negative face!) in this diagram. The conditions of equilibrium
yield

M,
(B V+By=0 — V=-By=-— [0’
N l—x
C: M—-(l—-xz)By=0 — M=(—-2)By= My .

The stress resultants are shown graphically in Fig.7.9e. The
moment diagram has a jump discontinuity at the point of appli-
cation of the applied couple (x = a). The two straight lines in the
regions z < a and x > a have the same slope, since the shear force
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has the same value in both regions (see also (7.3)). The normal
force is induced by the support reactions and is constant in the
entire beam.

It should be noted that the support reactions are independent
of the point of application of the applied couple. The bending-
moment diagram, however, depends on this point.

7.2.2 Relationship between Loading and Stress Resultants

A relationship between the shear force V' and the bending moment
M for beams under concentrated loads has already been given in
(7.3). This result is now extended to a beam that is subjected to
a load ¢(z) (force per unit length) that varies continuously over
the length of the beam (Fig. 7.10a). Fig. 7.10b shows the free-body
diagram of a beam element of infinitesimal length dz. The load
q may be considered to be constant over the length dx since the
effect of any change of ¢ disappears in the limit dz — 0 (compare
Section 4.1). The distributed load is replaced by its resultant dF' =
qdx. The shear force V' and the bending moment M act at the
location . They are drawn in their positive directions (negative
face!). Proceeding to the location x+dz, the stress resultants have
changed by an amount dV and dM, respectively, to the values
V +dV and M + dM. They are also shown with their positive
directions. The conditions of equilibrium yield

t: V—qdz—(V4+dV)=0 — qdz+dV =0, (7.4)
) dx
C : fod:cV+2qd:1:+M+dM:0
1
— desc+dM+2quc~d:17:0. (7.5)
From (7.4) we obtain

=—q. (7.6)

Thus, the slope of the shear-force diagram is equal to the negative
intensity of the applied loading.
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The term in (7.5) containing dz - dz is “small of higher or-
der” compared with dz or dM. Therefore, it vanishes in the limit
dz — 0 and (7.5) reduces to

dM

dr = V. (7.7)
The derivative of the bending moment with respect to x is equal
to the shear force. This result is already known from the case of
beams under concentrated forces (see (7.3)). It should be noted
that the algebraic signs in (7.6) and (7.7) result from the sign
convention for the stress resultants.

If (7.7) is differentiated and (7.6) introduced, we obtain

2
(ilaj\j =—q. (7.8)

The differential relations (7.6) and (7.7) may be used, for exam-
ple, to determine qualitatively the stress resultants and can also
serve as checks. For example, if ¢ = const, then the shear force is a
linear function of x according to (7.6) and the bending moment is
represented by a quadratic parabola according to (7.7). The Table
at the end of this section shows the relations between the loading
and the stress resultants for several simple examples of q.

The most important value for the design of a beam is usually
the magnitude of the maximum bending moment. The correspond-
ing coordinate x for a relative maximum is characterized by the
condition of a vanishing shear force (compare (7.7)). It should be
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noted, however, that the absolute maximum may be located at an
end point of the beam or of a span (position of discontinuity).

q V M

0 constant linear

constant linear quadratic parabola
linear quadratic parabola cubic parabola

7.2.3 Integration and Boundary Conditions

The relations (7.6) and (7.7) may also be used to quantitatively
determine the stress resultants for a given load ¢(z). If we integrate
(7.6) and (7.7), we obtain

V:f/qd:chC’l, (7.9)
M= /de+02. (7.10)

The constants of integration C7 and Cs can be calculated if the
functions (7.9) and (7.10) for the stress resultants are evaluated at
positions of x where the values of V or M are known. The corre-
sponding equations are called boundary conditions. The following
Table shows which stress resultant vanishes at a given support at
the end of a beam. Statements V # 0 and/or M # 0 cannot be

support Vi M

pin . #0 0

By

parallel motion —Zff—— 0 #0

]
sliding sleeve = #£0 #0 (7.11)

fixed end I 40 #0

free end —_— 0 0
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used as boundary conditions.

191

In contrast to the method of sections (see Section 7.2.1), the

support reactions do not have to be computed in order to determi-

ne the stress resultants V and M: they are automatically obtained

through the integration. If, on the other hand, some support re-
actions are known in advance, they can also be used to determine
the constants of integration.

To illustrate the procedure, let us consider the three beams
shown in Figs.7.11a—c. They are subjected to the same load but
have different supports. With ¢ = go = const, Equations (7.9) and

(7.10) yield

V:—q0z+01,

1
M= — qOIE2+Cll'+CQ

2

for each beam.

) 7@3 / IREEER
= AdA A beedd
[-—— l l | l |
14 1% |4
l
qol q0
> @ ®
: I
| qol
|
M | M M
|
M, _ qol 9
max 8 q[)[ @
2
@
a qol? ©
2
b c

Fig. 7.11
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The boundary conditions
a) M(0)=0, b) V() =0, c)V(0)=0
M(l)=0, M(l)=0, M(l)=0
and thus the resulting constants of integration
a)0=Cy, b)0=—ql+Cy, ¢)0=0C1,
a),b),c) 0=—1ql?+Cil+Cy

C1:§QOI, Cli%l, 01:07
%
Cy=0, Cy=—35ql%, Cy = 5 qol?

are different for each of the cases a) to ¢). This leads to the follo-
wing stress resultants (Figs. 7.11a—c):

)Vf (1*25) b)V:qol(l—j),
M:;qozzj(lfj), M=t (1-7)
c) V=—qu,

1 T\ 2
M= a0 1= (7).
9 do0 [ I
The results are written in such a way that the terms in parenthe-
ses are dimensionless. The maximum bending moment M,

max

qo 1?/8 for the simply supported beam is located at the center of
the beam (x =1/2: V =0).

The support reactions can be taken from the diagrams; they
are equal to the values of the stress resultants at the endpoints of
the beams:

a)A:V(O)zéqol, b) A=V(0)=qol,
B=-V()=14ql,  My=M0)=-1ql?,
¢) My = M(©0)=1ql?,
B=-V()=ql.
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oDt o y
A:CISZv_» “B:qu Aﬂ (1‘/

The shear-force and bending-moment diagrams can also be ob-
tained with the method of sections. In order to explain this me-
thod in the case of a distributed load, the beam in Fig.7.11a is
reconsidered. In a first step, the support reactions have to be cal-
culated (Fig.7.12a). Next, the beam is sectioned at an arbitrary
position z (Fig. 7.12b). Then we replace the distributed load go by
its resultant gox (notice that the distributed load must not be re-
placed by its resultant for the entire beam, i.e., before the beam is
divided by the cut). The equilibrium conditions for the left-hand
portion of the beam (Fig.7.12b) yield the stress resultants

T A—qx—-V =0
1 T
— V:quox:2qol<172l>,

) 1
C: sz+2zq0:r+M:0

ol (1-7)-

This method is recommended only if the resultant of the distrib-

1
— M:zAf2q0z2:

uted load acting at the cut beam and its line of action can easily
be given.

Example 7.4 The cantilever beam in Fig.7.13a is subjected to a
triangular line load.
Determine the stress resultants through integration.

Solution In the coordinate system given in Fig. 7.13a, the load is
described by the equation ¢(x) = go(I — z)/I. Integration leads to

q0

(1—z)?4+Cy, M(ac):—Gl

(l—x)3+01x+02,

E7.4



194 7 Beams, Frames, Arches
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(compare (7.9) and (7.10)). The boundary conditions V(I) = 0
and M(l) = 0 yield the constants of integration: C; = 0 and
Cy = 0. Hence,

2 3

v = ai(1-7) M@= wl(1-7),
see Fig.7.13b. The shear-force diagram has a vanishing slope at
x = [ since the distributed load is zero at the free end of the beam
(V'(l) = —q(I) = 0). Analogously, the bending-moment diagram
has a vanishing slope at x = [ since the shear force is zero at the
free end (M'(l) = V(1) = 0).

In this example, it would have been more convenient to introdu-
ce the coordinate system according to Fig. 7.13c. Here, the z-axis
points to the left. In this coordinate system, the triangular load is
described by the simpler equation g(x) = go /I, and the integra-
tion and boundary conditions V(0) = 0 and M (0) = 0 yield the
stress resultants (Fig. 7.13d)

V(x):—;qol(?)Q, M(x):,éqolz(ﬂlc)é

Note that with this choice of the coordinate system the algebraic
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sign of the shear force is reversed (see Section 7.1).
It should also be noted that the stress resultants can easily be
determined with the method of sections.

7.2.4 Matching Conditions

Frequently, the load ¢(z) is given through different functions of
in different portions of the beam (instead of one function for the
entire length of the beam). In this case, the beam must be divided
into several regions and the integration of (7.6) and (7.7) must be
performed separately in each of these regions.

Fig.7.14 !

To illustrate the method, the cantilever beam shown in Fig. 7.14
is considered. The load is given by

0 for0<z<a,
q(z) =
qo fora<azxz<lI.
Integration in region I (0 < = < a) and region II (a < = < 1)
yields

I q = 0, II: g — 40,
‘/I = Cla ‘/H = _QO-T+CS; (712)
M1201£E+02, MH:—§QQZE2+C3.Z'+C4.

The two boundary conditions
V() =0, My(l)=0 (7.13)

are not sufficient to determine the four constants C; — Cy of inte-
gration. Therefore, two additional equations must be used. They
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describe the behaviour of the stress resultants at the point z = a
(point of transition from region I to region IT). These equations
are called matching conditions.

The beam is not subjected to a concentrated force or to an
external couple at x = a. Therefore, there are no jumps in the
shear-force or bending-moment diagrams (since dV/dax = — ¢ and
q has a jump at x = a, the shear-force diagram has a jump in the
slope). Hence, the matching conditions are

Vi(a) = Vii(a), M(a) = My(a). (7.14)

Introducing (7.12) into the boundary conditions (7.13) and the
matching conditions (7.14) yields the constants of integration:

Ci=qo(l—a), Co=—]q(*—a?)),
Cs=qol, Cy=—4ql%.

As a second example, we consider the beam in Fig.7.15. It is
subjected to a concentrated force F' at x = a and an external
couple My at x = b. Then the shear-force diagram exhibits a
jump of magnitude F' at x = a, whereas the bending-moment
diagram is continuous at this point (it has a jump in the slope).
The matching conditions for the values of the stress resultants at
the transition from region I to region II are therefore

Vip(a) = Vi(a) = F,  My(a) = Mi(a). (7.15)

The external couple My at £ = b causes a jump in the bending-
moment diagram; the shear-force diagram is continuous. Hence,
the matching conditions at the transition from region II to region

IlF]I m
ya

e— b — Fig.7.15
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IIT are given by
Vin(0) = Viu(b),  Myyp(b) = Myy(b) — Mo . (7.16)

The following Table shows which loads cause jumps in the stress
resultants or in the slopes of the diagrams.

Load Vv M
B kink -
F
l jump  kink
- jump
My

If a beam has to be divided into n regions, the integration in
each region yields a total of 2n constants of integration. They can
be determined from 2n — 2 matching conditions and 2 boundary
conditions.

Let us now consider structures composed of several beams that
are connected by joints. Since an internal pin cannot exert a mo-
ment, the bending moment is zero at the pin: M = 0. The shear
force is in general not equal to zero at this point: V' 2 0. In con-
trast, at a parallel motion V' = 0 and M # 0 are valid. These
statements concerning the stress resultants at a connecting mem-
ber are displayed in the following Table.

connecting member V' M

G
—O0— 0 0
7 (7.17)
p— p— 0 #0

If an internal pin or a parallel motion exists in a structure, a
matching condition is replaced by one of the following conditions:
bending moment or shear force equal to zero.
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A division into regions at a connecting member is not necessary
if no concentrated force or external couple acts on the element.
Also, no division into regions is required in the case of a distributed
load that is described by the same function to the left and to the
right of the element.

If a beam must be divided into many regions, a system of equa-
tions with many unknowns has to be solved in order to obtain the
constants of integration. Therefore, this method is recommended
only for beams with very few regions.

Example 7.5 A simply supported beam is subjected to a concen-
trated force and a triangular line load (Fig. 7.16a).
Determine the stress resultants.

Vv

F do J quadratic
parabola
® |/

‘« a 44_7 b — | | e
| ! o
| | cubic
I | parabola
I FL/;ﬂ/ ! " ‘ ‘
K A ®
beedd
b ‘ 1 T2 ¢
Fig.7.16

Solution The beam is divided into the two regions I and IT accor-
ding to Fig.7.16b. We use the coordinate x; in the region I and
coordinate x5 in region IT (instead of the coordinate x for the en-
tire length of the beam). Integration according to (7.9) and (7.10)
in both regions yields

L ¢ =0, I: gy ZQOSC;,
22
Vi =C1, Vir :—QOQZ-FC%,
23
M; = Crz1 4+ Cy, My =—qo. % +Csm9+Cy.

6b
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The boundary conditions and the matching conditions are
Mi(x1 =0) =0, My(zea=05)=0,
Vil(@z = 0) = Vi(z1 = a) = F, My(z2 =0) = Mi(z1 =a).

They lead, after some calculation, to the constants of integration:

c) = (1qob+F)Il), Co =0,

6
1 a \b 1 ab
= b— F = b+ F .
Cs (qu b )l’ Cy (6(]0 + )l
Hence, we obtain the stress resultants (Fig. 7.16¢)
1 b
3 1 a \b
Vig=—qo .2 b— F
11 q02b+<6q0 b >l’

My = (éQOb+F)Zl)SC17

GqObfZF)l;z2+(éQOb+F)alb.

x3 1
My=—q >
11 QO6b+<

Example 7.6  Determine the stress resultants for the compound
beam in Fig.7.17a.

1 P .
% 5q0l ® @_]gqol
4,‘

: _A_
> : elo
l— 1 4}<_>% l
a - \qul

|
|
' -

KA KB CA °
adrati
- — usbola\

8(10l2

E7.6
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Solution The beam must be divided into two regions at the lo-
cation of support B (support reaction B and discontinuous load
q!). A division into regions at the internal pin G is not required
since ¢ = qo to the left and to the right of the pin. We use the
coordinates z1 and x5 in regions I and IT, respectively (Fig. 7.17b).
Integration leads to

L g =qo, I: g =0,
Vi=—qz1+C1, Vi =Cs,
MI:7§QO$%+61I1+CQ, MH:C’3£172+C4.

The four conditions
M(xz1 =0)=0, My(xze=1)=0 (boundary conditions),
Mi(zq = 51) = My (z2 = 0) (matching condition),
Mi(xzy =1) =0 (zero bending moment at internal pin G)
yield the four constants of integration:
Ci=5ql, Co=0, Cs3=3ql, Ci=-3ql*.

Thus, we obtain the stress resultants (Fig. 7.17¢)

1 3
VIZ—QOCE1+QQOZ» VH=8QOZ»
1 1 3
MI:—quxf—i—qulazl, MH:8q0l(x2—l).

As a check, the support reactions are taken from the shear-force
diagram:

A=Vi(z1=0)=;ql,
B =Vy(x2=0)—Vi(a1 = 31) = Ugol,

C:*Vh(wgil):fqul.

They are in equilibrium with the resulting external load 3 ¢q /2.
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7.2.5 Pointwise Construction of the Diagrams

To apply the theory to practical problems, it is not always neces-
sary to give the stress resultants as functions of = over the length of
the beam. Frequently, it suffices to calculate the stress resultants
at several specific points only. The values of the stress resultants
at these points are then connected with the curves that are asso-
ciated with the respective load.

lF qo0 M, Vv
AL 1/\ B
i \'% o |F
Lo l.al.a|.a|.a|.a| A
I I I 1 = 1 |
a

<%

Fig.7.18

To illustrate the method, the simply supported beam in Fig.
7.18a is considered. As a first step, we compute the support reac-
tions with the conditions of equilibrium for the free-body diagram
of the entire beam (Fig.7.18b):

a
B: —6aA+5aF+3a2qa+ My=0
1 My
— A:6 5F+4+6qya-+ ,
a
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a
A: —aF—-3a2qa+My+6aB=0
1
— B= <F+6q0a MO) .
6 a

The stress resultants exhibit jumps, or jumps in the slopes, at
T = a, 2a, 4a and 5 a, respectively. At these specific points, the
stress resultants are computed using the method of sections. If
we cut the beam at z = ¢ immediately to the left of the force F
(Fig. 7.18c), we obtain

tA-V =0 — V(a):A:é(5F+6q0a+Az0)
to the left of I,
8: —aA+M=0 — M(a)=dadA
:é(5aF+6qoa2+M0).
A cut at = 2a (Fig. 7.18d) yields
t A-F-V=0 = V(za)=é<—F+6qoa+]\Z°>,
8: —2aA4+aF+M=0
— M(Qa):;(QaF—i—quaQ—i—Mo).
Similarly, we find
v<4a)=é(—F—6qoa+Aa4°),
M(4a):1

4
V(ba) =V(4a),

aF +6qa®+2M,),

1
M5a) = 6 (a F +6qa®> — My) to the right of M.

The distributed load is zero in regions I, IT, IV and V. Therefore,
the shear force is constant in each of these regions. In region III,
the shear force varies linearly since ¢ = qo = const. The shear-
force diagram has a jump of magnitude F' at x = a.
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Accordingly, the bending moment varies linearly in the regions
I, II, IV and V, and it is described by a quadratic parabola in
region ITI (compare the Table in Section 7.2.2). The diagram shows
a jump in the slope at x = a. Since the shear-force diagram is
continuous at = 2a and x = 4 a, the moment diagram has no
jumps in the slopes at these points (V' = dM/dz). The external
couple My causes a jump in the diagram at x = 5a.

Fig. 7.18e shows the diagrams of the stress resultants. The max-
imum bending moment is located at the position of the vanishing
shear force.

Example 7.7 Draw the diagrams of the stress resultants for the
structure in Fig.7.19a (¢ = 0.5m, ¢ = 60kN/m, F' = 80kN,

\4
[leN]
% F 50
g l Al e G
i’ N—,
Mo A G B /
7777 . w0l R o B
- quadratic -
l« 2a == 2a »FE—F—CH parabola D
a -1004 ! L
! IR
@ 12q0a @ | L |
goal [kNm]
1 Y F @
A ol
o0 )
Mo T G T 257 quadratic
A parabola parabola
= B 50 Mp—
b [

Fig.7.19

Solution First, we compute the support reactions and the force in
the internal pin G (the horizontal components are zero). The equi-
librium conditions for the free-body diagrams of the two portions
of the structure (Fig. 7.19b) yield

AN

2
@ A: agpa+ My—a2qa—2aG =0

3

E7.7
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2 M,
- G=-"ga+ _°=—10kN,
3 2a
N 8
G: SaqoaJrMOanAJra?qga:O

M,
- A:7q0a+ 0 — 80kN,
3 2a

A
@ B: —-2aG+aF+Mp=0

4
— MB:73q0a2+MofaF:f50kNm,
T G—-F+B=0

2 M
— B=_qoa— O 4+ F=90kN.
3 2a

The stress resultants at specific points of the beam are obtained
using the method of sections:

—qoa = —30kN to the left of A,
—qoa+ A =50kN to the right of A,

V(2a) =

V(4da) = —qgoa+ A —2gya=—10kN,

G =—-10kN to the left of F',
G — F=—-90kN to the right of F',

V(5a) =

V(6a) = — B = —90kN,
—_agoa=—10kNm to the left of A,
M(2a) =

agoa — My = —20kNm to the right of A,

W N W N

M(5a) = aG = —5kNm,
M(6a) = My = —50kNm.
In addition, V(0) =0, M(0) =0 and M(4a) = 0.
The values of the stress resultants are now connected with the

appropriate curves (straight lines or parabolas, Fig.7.19¢). Note
that
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— at = 0, the quadratic parabola for V' (because of ¢(0) = 0)
and the cubic parabola for M (because of V(0) = 0) have
horizontal slopes,

— at * = 4a, the slope of the moment diagram has no jump
(because of the continuous shear force).

7.3 Stress Resultants in Frames and Arches

The methods for determining the stress resultants will now be ge-
neralized to frames and arches. Note that the differential relations
derived in Section 7.2.2 can be applied to straight portions of a
frame only; they are not valid for arches.

In this section, the discussion is limited to plane (i.e., coplanar)
problems and focused on the pointwise construction of the stress-
resultants diagrams. According to this method (see Section 7.2.5),
the stress resultants are computed at specific points of the struc-
ture with the aid of the method of sections. The algebraic signs of
the stress resultants are defined using dashed lines (Section 7.1).
A frame, in general, experiences also a normal force, even if the
external loads act perpendicularly to its members. Therefore, we
will always calculate all three stress resultants: bending moment,
shear force and normal force.

At the corners of frames where two straight beams are rigidly
joined, the equilibrium conditions reveal how the stress resultants

o Q2| ME ME \Q2
e eEy (=
N NG ®

@ (24—(2 “: N¢

A\ L
E\ Mg + @
Ne

|

@
o 4

I Mg

’ 1N

- >
T

Fig. 7.20

7.3
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are transferred. As an example, consider the externally unloaded
rectangular corner C' of the frame shown in Fig.7.20a. If we free
the corner by appropriate cuts, the equilibrium conditions yield
(Fig. 7.20b)

NO= v yvP-N2, MO=MD. (7.18)

Whereas the bending moment is transferred unaltered from part
@ to part @, the normal force becomes the shear force and the
shear force becomes the normal force. If the beams are joined at a
corner under an arbitrary angle, the transferred stress resultants
depend on this angle.

Example 7.8  Determine the stress resultants for the frame in
Fig7.21a.

F F
Y w=F/a l ®c ® D
T sy i ==
kA ol 1=
! 777 1 @1
i A ‘: <]
Bu A
‘*a’F— 2a ——‘ b BV
a ~
2aF
. @ EF ® 2aF
F 3
@l SY aF @
- ®
5" N - line V - line /o M - line
; F ¢ 2F quadratic parabola
Fig.7.21

Solution The support reactions are obtained from the equilibrium
conditions for the frame as a whole (Fig. 7.21b):

5 3
A="F, By =—
27 TV 2

In order to define the algebraic signs of the stress resultants, we
introduce the dashed lines according to Fig. 7.21b. The following

F, By=2F.
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stress resultants are calculated using the method of sections:

NY =0, VP=-F, MI=_ur,
5
2

3
NY =0, V9= _F+A= S M= _3aF+2aA=2aF.

The equilibrium conditions at the freed corner D, where parts 3)
and @ are rigidly connected, yield in analogy to (7.18)

NZ=——a=-2F, VZ=0, MZ-o0,

3
N5 =Vy = F, Vi=-N§=0, My=M5=2aF.
With the following values at the ends of the members

NP =0, VP=-F, MP-o0,
5

2

N%‘D:—BV:‘;’F, V¥=-By=-2F, MP=0

NP=—a=-"F, vP=0, MP=o0,

we obtain the stress resultants displayed in Fig. 7.21c.

The equilibrium conditions for the freed bifurcation point C'
(cuts adjacent to C) may serve as a check. As an example, we
consider the stress resultants in the vertical direction showing that
the equilibrium condition is fulfilled:

VI_VvE_NZ=0 - 7F72F+ZF:O.

Example 7.9 Determine the stress resultants for the members of
the structure in Fig. 7.22a.

Solution First we compute the support reactions. With the com-
ponents Ay = Apg of the reaction at A, the equilibrium conditions
for the entire structure (Fig.7.22b) yield

m
B: 2aAy +2adAg+2aF=0 — AV:AHile,

2

—: Ag+Bg=0 — BH:;F,

E7.9
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F
y 3F
A e o]
¢ T 2
B G : A
AV x 1F ©
A
a N - line
B A
SF
|« @ o< o= 20 —+]
lF ) '—@ﬂF
A F
— ’ r| © ?%F
1 / T :El
|
e Av V - line
45° i
b} F
Bu Gv
By | 2Fa
b r—
S \X Gy %
c o
45°
_» .
By A M - line .
a
¢ By d 2
Fig. 7.22
J\. _ _ _ 3
A: 2aBy+2aByg—4aF =0 — Bv—ZF.

Then the force in bar S (= normal force S) and the force in pin
G (components Gy and Gy ) are calculated using the equilibrium
conditions for the vertical beam (Fig. 7.22c):

I F
C: aGg—aByg=0 — GH:Q’
2
el 2aBH—a\g S=0 — S=v2F,
2
T BVJr\éS*GV:O — GV:;F.

In order to define the algebraic signs of the stress resultants,
we introduce the dashed lines according to Fig. 7.22b. The normal-
force diagram and the shear-force diagram can be drawn without
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further computation (note the jumps in the diagrams due to the
concentrated forces S, Gy and Gy). The bending-moment dia-
gram can be constructed with the aid of the values at specific
points (Fig. 7.22d).

Example 7.10  The circular arch in Fig.7.23a is subjected to a
concentrated force F'.
Draw the diagrams of the stress resultants.

M AN

N
rsj?ap (’\’\V\T ;90
IR An
Ay

el

1—
r(1 — cosp) d

Fig.7.23

E7.10
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Solution The reactions at the supports follow from the equilibrium
conditions for the the entire arch (Fig. 7.23b):

1 1
B:4F, 14‘/:_32_4F‘7 AH:F.

We introduce the dashed line and cut the arch at an arbitrary
position ¢ in region I (0 < ¢ < 30°). The free-body diagram
of the corresponding part of the arch is shown in Fig. 7.23c. The
equilibrium conditions lead to the stress resultants:

St N+ Aycosp—Agsing =0
- N = (sin<p+ icosgp) F,
N: V—-Aysing—Agcosp=0
- V= (COS(,O* }Lsincp) F,
8: M —rsinpg Ay —r(1 —cosp)Ay, =0
- M= (sinngr icosgof i)rF.
Since the arch is sectioned at an arbitrary position ¢, these equa-
tions describe the variations of the stress resultants in region I.
Similarly, introducing the angle ¥ = m — ¢, the stress resultants

in region IT (30° < ¢ < 180°) are obtained from the equilibrium
conditions for the free-body diagram in Fig. 7.23d:

N: N+ Bcosy=0

— N:f}chosd): tioscp,
S V4 Bsingy =0

— V:—iFsinw:—iFSin@,

A
C: —M+r(l-cosyp)B=0

— M= Q1-cos¢)rF=}(1+cosp)rF.

The stress resultants are drawn perpendicularly to the axis of
the arch in Fig.7.23e. The jumps AN = F/2 in the normal
force and AV = /3 F/2 in the shear force at ¢ = 30° are equal
to the components of F' tangential and orthogonal to the arch,
respectively.
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7.4 Stress Resultants in Spatial Structures

The discussion to this point has been limited to plane problems,
i.e., plane structures that are subjected to loads acting in the same
plane. Now we extend the investigation of the stress resultants to
spatial structures and to three-dimensional load vectors.

As a simple example, consider the cantilever beam in Fig. 7.24a,
which is subjected to the concentrated forces F; and the exter-
nal couples M acting in arbitrary directions. As in the case of
plane problems, we cut the beam at an arbitrary position z (com-
pare Section 7.1). The internal forces acting in the cross-section
are replaced by the resultant R (acting at the centroid C of the
cross-section) and the corresponding couple M (©). Again, the
superscript C' is omitted: instead of M(®) we simply write M
(Fig. 7.24b). Vectors R and M have, in general, components in
all three directions of the coordinate system:

N M,
R = Vy , M = My (7.19)

Fig.7.24

7.4
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the cross-section) is the normal force N (compare Section 7.1).
The components in the y- and z-directions (perpendicular to the
axis of the beam) are the shear forces V, and V,, respectively.

The component M7 of the moment M in the z-direction is cal-
led torque. In an elastic beam, the torque causes a twist about the
longitudinal axis (see Volume 2). The components in the y- and
z-directions are the bending moments M, and M., respectively.

The sign convention for the stress resultants coincides with the
sign convention for plane problems (see Section 7.1): positive stress
resultants at a positive (negative) face point in the positive (neg-
ative) directions of the coordinates. Fig.7.24b shows the stress
resultants with their positive directions. In structures composed
of several members having different directions, it is helpful to use
a different coordinate system for each member.

The stress resultants are determined using the method of sec-
tions, i.e., from the equilibrium conditions for a portion of the
structure.

Example 7.11  The spatial structure in Fig. 7.25a is subjected to
a concentrated force F'.
Determine the stress resultants.

Solution We cut the structure at arbitrary positions in the regi-
ons () — @. If we apply the equilibrium conditions to the cut-off
portions of the structure, the stress resultants can be determined
without having calculated the support reactions.

To define the algebraic signs of the stress resultants in the three
regions, we use three coordinate systems (Fig. 7.25a). First, a cut
is passed at an arbitrary position x in region (1). The stress resul-
tants are drawn in the free-body diagram (Fig.7.25b) with their
positive directions (negative face!). The equilibrium conditions
(3.34) yield

> Fiy =0 F-V,=0 — V,=F,
ML =0 (- 0F M0 5 M. (- o).

The other stress resultants are zero in region (1).
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Fig.7.25

The stress resultants in regions (2 and (3 are also obtained
using the method of sections. The free-body diagram for region (2)
(Fig. 7.25¢) leads to

Y F, =0: F-V,=0 — V,=F,
> My =0: cF-Mr=0 — Mp=ckF,

YN My =0: (b—2)F M, =0 — M. =@b-z)F,
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and for region 3 (Fig. 7.25d) we obtain
S Fy =0 F-N=0 — N=F,
> My=0: —cF—-M,=0 — M,=—cF,
SMi,=0: bF-M,=0 — M,=bF.

The stress resultants that are equal to zero are omitted in these
free-body diagrams for the sake of clarity of the figures.

The stress resultants are presented in Fig.7.25e. The support
reactions are equal to the values of the stress resultants at the
fixed end.

Example 7.12 The clamped circular arch in Fig. 7.26a is subjected
to a concentrated force F' that acts perpendicularly to the plane
of the arch.

Determine the stress resultants.

top view

b Fig.7.26

Solution 'We section the arch at an arbitrary position ¢ and con-
sider the cut-off portion of the arch (Fig.7.26b). To define the
algebraic signs of the stress resultants, a local x,y, z-coordinate
system is used. At the position S given by ¢, the shear force V,
the torque M7 and the bending moment M, are introduced with
their positive directions (positive face). The other stress resultants
are zero; they are omitted in the free-body diagram.
The equilibrium conditions yield



7.5  Supplementary Problems 215

Y Fi.=0: V.+4F=0 — V.=-F,
ZM-(S):(): Mrpr+ Fr(l —cosg) =0

— Mp=—Fr(l—-cosyp),
ZM-(S):(): My + Frsing =0

—+ My =—Frsingp.

7.5 Supplementary Problems w5

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 7.13 A crab on two ) E7.13

wheels can move on a beam “i’(&o

(weight negligible). Its weight .

W is linearly distributed as 7é7 Fﬂ»‘

indicated in Fig.7.27. l
Determine the value Fig. 7.27

& = &* for which the bending

moment attains its maximum value My,... Calculate My a -

l

_AI_ B
\

Results: see (B) ¢* = (31— a)/6, M, ! (3 a>2wz
esults: = —a max = — .
! 36\° 7

Example 7.14 Determine the z E7.14
bending moment for a canti- ﬂm
lever subjected to a sinusoi- 4 3
dal line load (Fig.7.28). ﬂ‘ |
Fig. 7.28

ol?
Result: see (A) M(x) = _4a (z . Wz).

7'[' l*Sln I
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E7.15 Example 7.15  The struc-
ture in Fig.7.29 consists

of a hinged beam and five * F * 2F

bars. It is subjected to two I o) |

concentrated forces. 9 4 o :
Determine the forces in 1 3 5 n

the bars and the bending e q v g e g = a

moment in the beam. Fig. 7.20

Results: see (A) S1 =55 = g\/QF, Sy =854, =—-53 = ng,
Myax = aF /4.

E7.16 Example 7.16 A simply supported beam carries a linearly varying

line load as shown in "

Fig. 7.30. -

Calculate the location ¢
and the magnitude of the Qo
maximum bending mo- A R
ment for ¢ = 2qq. ‘ ; 77

I 1
Fig. 7.30
Results: see (A) z* =0.531, Max = 0.19 ¢o12.
E7.17 Example 7.17 Draw the shear- ”
force and bending-moment .l ) -
diagrams for the hinged beam A G A g, ¢
- A 777 777
shown in Fig. 7.31. o
2a a | a |_a_|

Result: see (B) Selected values:
V(0) =goa, V(a)=0, V(ba)=3¢.a/2,
M(a) = qoa®/2, M(3a) = —3¢.a*/2, M(5a) = 3q.a*/2.
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Example 7.18 The beam

shown in Fig.7.32 carries /‘_{0 L(Io
a uniformly distributed line A ﬁ

X

Q

load g, and a couple My =
4q.a2. x

Draw the shear-force and | 2a | 2a | da
bending-moment diagrams.

Fig. 7.32

Result: see (B) Selected values: V(a) = —goa, M(4a) = — 8¢.a®.

Example 7.19 Determine the distance a of hinge G from the sup-
port B (Fig.7.33) so that the 0o
magnitude of the maximum HHHHHHHHHHH

bending moment becomes ., 5 KX CA
minimal. e 77

1 l 1 l 1
Fig. 7.33

Result: see (A) a= (3 —+/8)l =0.1721.

Example 7.20 Determine the
stress resultants for the
clamped angled member
shown in Fig.7.34.

Y2
Fig.7.34 z

Results: see (A)

CB: V.= —qoz1, My = _qo$%/23
BA: V. = —qoa, Mg =q.a®/2, My = —qgoazs .

E7.18

E7.19

E7.20



E7.21

E7.22

E7.23

218 7 Beams, Frames, Arches

Example 7.21 Determine the |
distance a of the hinge G T |a g =
(Fig. 7.35) so that the magni- ] o
tude of the maximum ben- i

ding moment becomes mini- i
mal. e !

Result: see (A) a = (2v/3 —3)l = 0.464 1.

Example 7.22 Draw the shear-
force and bending-moment

diagrams for the frame shown
in Fig. 7.36.

7777
e @ = 2a—t=a

Fig.7.36
Result: see (A) Selected values:
V(A) = _V(B) = qoa/\/57 V(C) = _V(D) = (qoa,
M(C) = M(D) = qo.a®>, M(E) = 3q.a*/2.

Example 7.23 The arch shown in
Fig.7.37 carries a constant line o WLIE
load ¢o.

Calculate the maximum va- r
lues of the normal force and the
bending moment.

Fig. 7.37

Results: see (A)  Npax = 17qor/16,  Mpax = —qor?/8.
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Example 7.24 A clamped arch E7.24
in the form of a quarter-circle
(weight negligible) supports a
line load g, (Fig.7.38).
Determine the stress resul-
tants as functions of the coor-

dinate . Fig.7.38
2

Results: see (B) V. = —qorp, M, = —qor*(1 —cos ),
Mr = —qor*(¢ —singp) .

Example 7.25 Draw the . E7.25

shear-force and bending- %
moment diagrams for the {

hinged beam shown in A (G: 5
Fig. 7.39. 77

Fig. 7.39

Results: see (B) Selected values:

V(0) = Zqoa, V(6a) = —gqoa, V(12a) = iqoa,
M(9a/4) = §5q0a%, M(4a) = qoa*, M (8a) = —3qoa®.
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7.6 Summary

In plane problems, the stress resultants in a beam, frame or

arch are the normal force N, the shear force V' and the bending

moment M.

Sign convention for stress resultants: positive stress resultants

at a positive (negative) face point in the positive (negative)

directions of the coordinates.

The stress resultants can be determined using the method of

sections:

o Pass an imaginary cut through the beam (frame, arch).

¢ Choose a coordinate system.

¢ Draw a free-body diagram of a portion of the structure
(stress resultants acting in their positive directions).

o Formulate the equilibrium conditions (3 equations in a
plane problem, 6 equations in a spatial problem).

¢ Solve the equations.

¢ The system of equations has a unique solution if the struc-
ture is (externally and internally) statically determinate.

The differential relationships
Vi=—gq, M=V

are valid for beams and for the straight parts of a frame (not for
arches). If the applied load ¢ is known, the stress resultants can
be obtained through integration. The constants of integration
are determined from boundary conditions or from boundary
conditions and matching conditions.

Frequently, it suffices to compute the stress resultants at sev-
eral specific points only. The curves between these points are
determined by the corresponding loads. Note the relationships
between ¢, V and M.
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Objectives: Students will become familiar with the con-

cepts of work, conservative forces and potential energy. In additi-
on, they will become acquainted with the principle of virtual work.
After studying this chapter, students should be able to correctly
apply this principle in order to determine equilibrium states in
nonrigid systems as well as support reactions and internal forces
and moments. Finally, it will be shown how to investigate the sta-
bility of equilibrium states of conservative systems with one degree
of freedom.
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8.1 Work and Potential Energy

The concept of work involves displacements and therefore belongs
to the field of kinetics (see Volume 3) since in the field of statics
no movement occurs. However, as will be shown in Section 8.2,
problems in the field of statics can also be solved with the aid of
work concepts. For this purpose, first the mechanical term “work”
is introduced.

Fig. 8.1 % Z

Fig. 8.1 shows a body which is displaced a distance s by a con-
stant force F' acting in the direction of the displacement s. Here
the work of the force F is defined as the product of F' and the
displacement s of the point of application P:

U=Fs.

This definition can be generalized with the aid of vector calculus.
In Fig. 8.2a the point of application P of a force F' moves along an
arbitrary path. Let us now consider an infinitesimal displacement
dr from the current position given by vector r to a neighboring
position. The infinitesimal work dU done by the force F' is then
defined as the scalar product

dU = F - dr. (8.1)

Fig. 8.2

8.1
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According to (A.19), this product of the vectors F' and dr is given
by the scalar value

dU = |F||dr|cosa = (F cosa)dr = F(drcosa). (8.2)

Thus, the work dU is the displacement dr multiplied by the force
component F'cos« in the direction of the displacement. Alterna-
tively, it may be interpreted as the product of the force F' and
the component of the displacement dr cos « in the direction of the
force (Fig.8.2b). If force and displacement are orthogonal (o =
7/2), then no work will be done: dU = 0.

The work done along an arbitrary path (Fig.8.2a) from point
(D to point (2) can be determined from the line-integral

©
U:/dU:/F-dr. (8.3)

@

Work has the dimension [F'[] and is given in the unit named after
the physicist James Prescott Joule (1818-1889):

1J =1Nm.

The magnitude and direction of the force F in (8.3) may de-
pend on the position vector r, i.e., F = F(r). Therefore, the
expression “work = force x distance” is only valid when both vec-
tors F' and dr permanently have the same direction (o = 0), and
the magnitude of F' is constant.

As an example, let us consider a system of two bodies with
weights W and @, respectively, connected by an unstretchable
cable (Fig. 8.3). If the body on the left side undergoes a downward
displacement of length ds, then the body on the right side will
be pulled the same length upward along the inclined plane. The
work done by weight W is then given by dUy = W ds, since the
directions of the force and the displacement coincide. Only the
component () sina in the direction of the displacement is taken
into account for the work done by @), since the component of a
force perpendicular to the direction of the displacement does no
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T

Fig. 8.3 *W‘ ’

work. As the working component acts in the opposite direction of
the displacement, its work is negative: dUg = —@ sinads.

As a further example, consider a two-sided lever to which the
forces Fy and F; are applied (Fig.8.4a). During an infinitesimal
rotation dy about the supporting point A, force F; does the work
(Fig. 8.4b)

dU:F1d81 :Fladgo.

The product of force F; and length a of the lever arm is, according
to (3.5), the moment M; of the force Fy about A. Therefore, the
work can also be expressed by

dU = M dy.
Fl F2 Fl _-" FQ
Y Y A -7
2, LA '
bt —e— b —
Fig. 8.4 a b

In order to generalize the results obtained so far, we introduce
an infinitesimal rotation vector de, whose direction coincides with
the axis of rotation and whose magnitude is the angle dy. There-
fore, the work done by a moment vector M during an infinitesimal
rotation is given by

AU = M - de. (8.4)
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The work done by a moment vector M during a finite rotation of
the body on which it acts, follows from integration:

U:/dU:/M-dcp. (8.5)

This equation is analogous to the expression (8.3) for the work of
a force. If M and d¢ are parallel, then it follows from (8.4) that
dU = Mdep. If, in addition, M is constant during a finite rotation
©, then (8.5) yields U = M ¢.

Since an angle is dimensionless, moment and work (although
they are different physical quantities) have the same dimension
[F'1].

"
@ Fig.85

Now a special case of a constant force is considered, namely, the
weight W of a body (dead load) in the vicinity of the earth’s sur-
face (Fig. 8.5). Let the coordinate z point perpendicularly outward
from the earth’s surface, then the force vector is given by

W=-We,.
With the change of the position vector
dr =dre, +dye, +dze,
and
e.-e;=¢€e,-e,=0, e,-e;=1 (see (A.22))

we obtain from (8.1)
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dU=W .dr=-We, (dze, +dye, +dze,) = -Wdz.

Therefore, according to (8.3), the work done by the weight along
the path from @) to (2 is given by

U/dU]ZWde(zlzg). (8.6)

The work U depends only on the location of the endpoints. Hence,
the work done by the weight along arbitrary paths is unchanged
as long as the endpoints (1) and (2) are the same, i.e., the work is
path-independent.

Forces whose work is path-independent are called conservative
forces or potential forces. These forces, and these forces only, can
be derived from a potential V', which is defined as

V:7U:7/F~dr. (8.7)

The quantity V is also referred to as potential energy.
As a first example, we consider again the weight W in Fig. 8.6a.
With zo = z, Equation (8.6) yields

Viz)=—U=W(z—2z)=Wz—-Wz. (8.8a)

In Volume 3 it will be shown how a conservative force may be
derived from its potential. In our case, the weight W is obtained
by calculating the negative derivative of V' with respect to the
coordinate z:

av
_Y L w 8b
=W (8.8b)

The minus sign in front of W indicates that the weight acts in the
negative z-direction.

According to (8.8a), the potential depends on the choice of the
coordinate system (location of the origin). It is determined up to
an arbitrary additive constant (here Wz;). However, this constant
does not enter into the calculation of the force W, cf. (8.8b). It
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also has no influence on the work because the work depends only
on the height difference z — z;. Therefore, the location of the
coordinate system can be chosen arbitrarily. It is often useful to
choose the coordinate system in such a way that the potential is
zero at z = 0: V(0) = 0 (zero level).

; | |
F
@ %—Wmvw»o—» ﬂ—@\
zZ1
a b Fy F c ]\/[J
Fig. 8.6

As a further example, the potential of the force in a spring
is considered. The spring depicted in Fig. 8.6b is elongated by a
length x from its unstretched length through an external force F'.
It is known from experiments that the linear relation F' = kx
exists between the force F' and the spring elongation x, provided
the elongation of the spring remains sufficiently small. The spring
constant k is a measure of the stiffness of the spring. It has the
dimension force divided by length, and therefore the unit Ncm™!.
The spring force Fy (restoring force) is the reaction force associa-
ted with F' and points in the opposite direction of the elongation.
Thus, calculation of the work done by the spring force during

elongation yields
T . T o 1 ,
U=- [ Frdz = — k:xdx:—kaaz.
0 0
According to (8.7), the potential of the spring force is given by

Vi) = ; ka. (8.9)

The potential represents the energy stored in the spring due to
its elongation. The spring force F); also follows from the negative
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derivative of V' with respect to the coordinate x:

Consider now a linear torsion spring as depicted in Fig. 8.6c.
There is a linear relation M = k,¢ between the moment M and
the angle of rotation ¢. This relation is analogous to F' = kx
in the foregoing case. The torsion spring constant £k, has the
dimension [F] and therefore the unit Ncm or a multiple of it. If
in Equation (8.9), k is replaced by k, and z by ¢, the potential
of the moment of a torsion spring is obtained:

1
V=, k.o . (8.10)

8.2 Principle of Virtual Work

Up to this point in the chapter we have calculated the work done
by a force when the point of application actually moves along a
path. However, the concept of work can also be applied to statics,
where no displacements occur. In this framework, actual displace-
ments must be replaced by wvirtual displacements. Virtual displa-
cements are displacements (or rotations) that are

a) fictitious, i.e., do not exist in reality,

b) infinitesimally small,

¢) geometrically (kinematically) admissible, i.e. consistent with
the constraints of the system.

In order to distinguish virtual displacements from real displa-
cements dr, we denote virtual displacements as dr, i.e., with the
d-symbol, taken from the calculus of variations. Accordingly, the
virtual work done by forces or moments during a virtual displace-
ment is written as

oU=F-ir (compare (8.1)),
oU =M -d¢ (compare (8.4)).

We now reconsider the two-sided lever (Fig.8.7a) and calculate
the work done during a virtual displacement. A virtual displace-

8.2
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ment, i.e., a deflection that is consistent with the constraints of
the system, is a rotation with an angle ¢ about the support A
(Fig. 8.7b). The total virtual work U done by the two forces Fy
and Fy is

(5U=F1a(5<p—F2b(5<p=(Fla—ng)&p.

The minus sign in the second term takes into account that the
force Fy acts in opposite direction of the virtual deflection b dp. In
the equilibrium state, the expression in parentheses disappears due
to the equilibrium condition of moments F5 b = F; a (Archimedes’
law of the lever). Therefore, in this example, the virtual work
vanishes in the equilibrium position: 6U = 0. It should be noted
that only the external forces Fy and Fy (cf. Section 1.4) enter
into the virtual work, whereas the reaction force in A does not
contribute.

Fl FQ

Y \

.S

@ b —

a b c

Fig. 8.7

The aforementioned results can be generalized. We postulate
as an axiom that for an arbitrary system with an arbitrary num-
ber of external forces Fge) and external moments M Ee) the entire
virtual work must disappear in an equilibrium state:

SU=S"F - sr; +> M -5p; =0. (8.11)

Since this equilibrium axiom provides a statement on the work
done during virtual displacements, it is called the principle of vir-
tual work. It may be expressed as follows:

A mechanical system is in equilibrium if the virtual work of
the external loads (forces and moments) vanishes during an
arbitrary virtual displacement.
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The axiom of the principle of virtual work U = 0 is also often
referred to as the principle of virtual displacements . In the me-
chanics of deformable solids, an extended version of this principle
has a significant meaning (cf. Volume 2).

The equilibrium conditions can be derived from the principle
of virtual work; conversely, the principle of virtual work can be
derived from the equilibrium conditions, which also have an axio-
matic character. Therefore, the entire field of statics can be based
either on the equilibrium conditions or on the principle of virtual
work. From a practical point of view, the principle of virtual work
offers the great advantage that the number of unknowns in the
equations can often be reduced through an appropriate choice of
virtual displacements. The drawback is that complicated kinema-
tic conditions may have to be formulated.

The principle of virtual work cannot only be applied to mova-
ble systems, but also to systems that are rigidly supported, i.e.,
immobile. In the case of a rigid system, one or several supports
are removed and replaced by the support reactions. These reacti-
ons then will be considered to be external loads and consequently
taken into account in the principle of virtual work. For example,
if we remove in Fig.8.7b the pin joint at A, it is replaced by the
force A (Fig.8.7c). This force does the virtual work Adz during a
virtual displacement §z. Hence, the principle of virtual work reads

(SU:A(SZ—Fl(SZ—FQ(SZ:(A—Fl—FQ)(SZ:O.

Since the virtual displacement dz is nonzero, the term in paren-
theses must vanish, yielding the support force A = Fy + Fb.

8.3 Equilibrium States and Forces in Nonrigid
Systems

In the following we consider systems of rigid bodies that are in-
completely constrained and therefore able to move. If the applied
forces are prescribed, the corresponding equilibrium configuration
can be determined with the aid of the principle of virtual work.
On the other hand, if an equilibrium position is prescribed, the

8.3
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principle of virtual work yields the necessary forces. There are two
ways to formulate the principle of virtual work:

a) We can draw the system in an arbitrary configuration and in
an adjacent configuration. The magnitudes and directions of
the displacements associated with the applied forces can be
taken from the drawn figure. The corresponding terms for the
virtual work (including the algebraic signs) are inserted into
the principle of virtual work.

b) We can choose a coordinate system and describe the coordina-
tes of the point of application of each force in this coordina-
te system. The virtual displacements are equal to infinitesimal
changes of the coordinates. They are obtained formally through
differentiation (the d-symbol can be treated as a differential).
For example, if 7 is a function of a coordinate a, i.e., r = r(«),
then 0r = (dr/da)da. The differentiation automatically yields
the correct algebraic sign for each term.

Both methods will now be applied to the simple example of a
rod (weight negligible) of length [, supported by a pin joint at A
(Fig. 8.8a). The rod is loaded by a horizontal force P and a vertical
force @) at the free end B. Our aim is to determine the angle «
in the equilibrium position. Applying the first method, the rod is
considered to be infinitesimally rotated by da from an arbitrary,
yet unknown position « (Fig.8.8b). The point of application of
the forces then is displaced by an amount [ ja sin @ upward, and
by an amount [ da cos « to the left. The principle of virtual work

0U = Pléacosa — Qloasina = (Pcosa — @Qsina)lda =0

yields the equilibrium position (da # 0!):

Pcosa—Q@Qsina=0 — tana= 0"

In the second, more formal method, we describe the position
of point B (point of application of the forces) with the aid of the
position vector r that points from the fixed support A to B. In
the coordinate system shown in Fig. 8.8c, the coordinates of r are
x = [sin and y = [ cos a. The virtual displacements are obtained
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A <z A
(6% (6%
B Y
a b c
Fig. 8.8
through differentiation:
d d
5z = F da = lcosada, Oy = Y sa = —lsinada.
da da

Inserting these relations into the principle of virtual work (both
forces point in the directions of the positive coordinate axes)

0U = Péx+ Qdy = Plcosada — Qlsinada
= (Pcosa—Q@Qsina)lda=0

leads to the same result as before.

The advantage of the formal method now becomes clear: in the
first method the algebraic signs of the virtual displacements have
to be determined from observation, whereas the second method
automatically gives the correct signs (da > 0 yields dy < 0). The
second method is preferable in the case of complicated kinematics
(geometry), since it is not always possible to rely on observation.
It should be noted that « can also be determined by formulating
the moment equilibrium condition 2: Plcosa—Qlsina = 0.

If a system has several independent possibilities of movement
(degrees of freedom), the position r(a, 3,...) of the point of ap-
plication of a force is given by several independent coordinates

a, 3,.... The virtual displacements can then be found analogous
to the total differential of a function of several variables:
or or
or = ) ) e 8.12
"= 900t 9g %t (8.12)
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Example 8.1 A drawbridge of weight W can be raised with the aid
of a cable (weight neglected) and a counter-weight @ (Fig.8.9a).

Determine the positions of equilibrium.

a b Fig. 8.9

Solution Since the angle ¢ uniquely describes the position of the
system, the system has one degree of freedom.

If the arbitrary position given by ¢ is changed by a virtual
displacement dy, the points of application of the forces W and @
are displaced. In order to determine the virtual work of W, we
have to consider only the change of its elevation, since the weight
does no work in a horizontal displacement. With the coordinate
system chosen in Fig.8.9b (origin at the fixed support A), we
obtain

l
2w =, 08— Ozy =

Determining the virtual displacement of the point of application
of @ is more difficult. For this purpose, we introduce the auxiliary
coordinate s, i.e., the distance between the fixed point D and point
E (Fig.8.9b):

. P
§=2lsin | .
2
A virtual displacement d¢p causes a virtual change ds of s, which is
equal to the virtual displacement 0z of the weight @ (inextensible
cable!):

d
0zg = ds = d;5¢:lcosgé¢.
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Since both forces point in the direction of the negative z-axis, the
principle of virtual work yields

U =—=Wizy —Qdzg = (W;sintp—Qlcos ('20) dp=0.
With sin ¢ = 2sin(p/2) cos(¢/2) and dp # 0, we obtain
cos('; <Wsin§ —Q) =0.

The first solution cos(¢/2) = 0 leads to ¢ = m. Therefore, the
only remaining solution is

v Q

sin o, = 1 -
For ¢ lying within the technically reasonable region 0 < ¢ < 7/2,
the inequality sin(p/2) < sin(w/4) = v/2/2 must be satisfied. This
requirement leads to the following condition for the load @:

Q T V2

W<sin4:2.

Example 8.2 A car-jack loaded with a weight W is schematically
depicted in Fig.8.10. The height of the screw-thread is h.

What torque M must be applied to the car-jack in order to
keep the jack in equilibrium? The jack-screw, when turned, moves
without friction.

Fig. 8.10 T

E8.2
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Solution According to the principle of virtual work, the system is
in equilibrium when the total work done by force W and torque
M vanishes:

§U = Mép—Woz=0.

Here, the directions of M and ¢ coincide, whereas W and z have
opposite directions (Fig.8.10). The virtual displacements d¢ and
0z are not independent. A rotation of Ay = 27 will raise the
jack-screw by the height Az = h of the screw-thread. Therefore,
a rotation of dp results in 6z = (h/27)dp. Thus, the principle of
virtual work yields

5U<M h W>6<p0.
27

With §¢ # 0 we obtain the torque necessary for equilibrium:

h
M = w.
27
It can be recognized that a large weight W can be raised with a
small force K by an externally applied torque M =1 K if [ > h.

Example 8.3 Two pin-jointed rods of weights W7 and W5 are dis-
placed from the vertical position by a horizontal force F' (Fig.8.11a).
Determine the equilibrium configuration.

F
a b

Fig. 8.11

Solution The configuration of the system is uniquely determined
by the two angles ¢; and 3. We use a coordinate system that
has its origin at the fixed support A (Fig.8.11b). Then we obtain
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the following coordinates of the points of application of the forces:
b
2

Tp = lisingy + lasings .

la
Y1 = _ COSp1, y2:l1COS¢1+2COSSﬁ2,

According to (8.12), the virtual displacements are given by

I . . la .
oy = — 21 sin g dp1, Oys = —l1sinp; dp1 — 22 sin g2 62 ,
0xp =1y cos 1 0py + la cos o dpg .
Therefore, the principle of virtual work leads to
oU = W1 5y1 +W25y2 +F6£L‘F
=W <fllsin 0 )+W<fl sin 1 § leSin ) )
= Wi 9 ©10P1 2 1 P10P1 9 P2 02
+ F(ll COS Y1 5901 + l2 COS Y2 (SQOQ)
l
= <Fl1 cosp1 — Wy 21 singp; — Waly sin<p1>5<p1

l
+(Flgcos<p2 — Wy 22 Sintp2>5<,02 =0.

Since the system has two degrees of freedom, there are two
virtual displacements, dp1 and dps. They are independent of each
other and not equal to zero at the same time. Therefore, the virtual
work vanishes only if the expressions in both parentheses are zero:

l
Flicosp; — Wy ;singol —Walising; =0

— 2k
anp; = ,
T 42w,
l 2F
F'lycospy — Wy 25ing02:0 —  tanpy = .
2 Wo

8.4 Reaction Forces and Stress Resultants 8.4

Structures such as beams, frames or trusses are rigidly supported.
In order to calculate a reaction force (moment) with the aid of
the principle of virtual work, the corresponding support must be
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removed and replaced by the support reaction. The point of ap-
plication of the support reaction is then able to move. Therefore,
the reaction force (moment) is considered to be an external force
(moment) in the principle of virtual work. Similarly, the force in
an internal pin or the stress resultants in beams can be determined
by cutting the system appropriately. Due to this imaginary cut,
the system becomes movable and the corresponding internal for-
ce does virtual work during a virtual displacement. The following
examples will explain the procedure.

Example 8.4 Determine the force in the pin G of the structure
shown in Fig. 8.12a.

d
F ~—=] R=qoa/2 G )
” rrin ! MO( l l l

K 2
-

Fig. 8.12

Solution The horizontal component of the force in the pin is ze-
ro. In order to determine the vertical component, we divide the
structure into two parts by a cut through the pin. The left-hand
part is then able to rotate about the point A, whereas the right-
hand portion cannot move in the vertical direction (Fig.8.12b).
Furthermore, the triangular load is replaced by its resultant

R=gqgpa/2

which is located at a distance 2a/3 from A. With the virtual
displacements

dwgr = gaégo, dwg = ady

the principle of virtual work yields

qdoa

SU = Rowp + Mo bp — Gowg = )

§a6<p+M06<pra6<p

a2
<q0 5 +M0Ga>5g00.
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Since dp # 0, the force in pin G becomes

M,

G — doa + 0
3

The force F' acting on the right-hand section has no influence on

the force in pin G.

Example 8.5 The structure in Fig. 8.13a consists of three beams
that are pin-connected at G; and Gs. It is subjected to a concen-
trated force F' and a constant line load gy = F/(3 a).

Determine the support reactions at A with the aid of the prin-
ciple of virtual work.

1 m”

A o' e ol
G X G L

|

|

‘a\a\a\a\ 2a

F ”"’3_, R ;)Z:J «\111‘(’.‘ lR
s3 Y 1. K ! Se SA
Ta: y L] LQA MA( A AN _
';NY\- | % 0wy, = 7;;7 owy / | -

( b

A dYwy dw,

Fig. 8.13

Solution In order to determine the vertical support reaction A,
the clamped end of the structure has to be replaced by a parallel
motion according to Fig.8.13b. Then point A can move in the
vertical direction and the support reaction A has to be treated as
an external load in the principle of virtual work. Since no rotation
is possible at A, the moment M 4 is a reaction moment and does no
work. From Fig.8.13b we obtain the following relations between
the virtual displacements:

dwy = dwp = dwg, =adfB, Odwr=ada.

The angles da and 05 are mutually dependent. Considering the
displacement of pin G2, we find

E8.5
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dwg, =2ada=adéf — da= %66.

From the principle of virtual work

U =—-Abdwy + Fowp — Réwgr = —Aadf+Fadfs — §Fa6a
=(—A+F—-3:F})aéf=0

and 65 # 0, we obtain the support reaction

A= 2 F.
3

In order to calculate the moment M, we replace the clamped
support by a smooth pin (Fig.8.13c). Then the left part of the
structure can rotate about A and the moment M , enters into the
principle of virtual work as an external moment. Now the point
A cannot be vertically displaced. Therefore, force A is a reaction
force and does no work. The three angles in Fig. 8.13c are mutually
dependent:

dwg, =2adp=ade, Odwg,=ade=2ady
— de=26p and oy =4p.

Considering the algebraic signs (F' acts in the opposite direction
to dwp and M, acts in the opposite direction to du) the principle
of virtual works yields

U =—Myép— Fowp + Roéwg

F
:fMA5ufFa5u+3 2aady
a

= (—MA—Fa—i— gFa>(5,u:O — MA:—;Fa.
Both calculations show the advantage of the principle of virtu-
al work: the forces (G; and G5 in the pins and the remaining
support reactions, which appear in the classical calculation (cf.
Section 5.3.3), do no work and therefore need not be taken into
account when applying the principle of virtual work.
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Example 8.6 Determine the force in member 5 of the truss shown

in Fig. 8.14a.
S5/ K
A
x
| s A
5 S; S5 1
p !

h ) [

asin 3

‘1
f— i —
3
~.
[
3
=

Fig.8.14

Solution 'We remove member 5 from the truss. Then the internal
forces S5 at pins I and II act as external forces (Fig.8.14b). In
order to determine the positions of the points of application of
the various forces, an x,y-coordinate system is introduced with
its origin at the fixed point A. The point of application of force
K has the y-coordinate

«=H —acosf = \/b2 —a?sin® 8 —acosf.
Pin I (point of application of Sy) has the z-coordinate
r1 =asinf.
A virtual displacement (i.e., a small change of angle 3) yields
dy —a?2sin Bcos B _
oy, = XoB= +asinfB)683,
K dg (2\/172 a?sin’ B )

d
Say = d””ﬁl 58 = acos BB
Due to the symmetry of the system and the loading, the displa-
cement of pin IT (to the right) is equal to the displacement of pin
I (to the left). Therefore, the total virtual work performed by the
forces is

oU = Koy, — 255 dx;
= {Kasinﬂ(l

acosf

_ i 7Q2Sin2ﬂ) —285acosB|65.

E8.6
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Since §U = 0 and 8 # 0, we obtain

1 acosf
Ss;= _Ktanpg | 1— .
°T 2 ( \/b2a2sin26>

Fig. 8.14¢ qualitatively depicts the ratio S5/ K versus . Becau-
se of b > a, force Sj is positive for 0 £ 8 < m/2 and negative for
m/2 < 8 < 7. This result may be verified by inspection.

8.5 Stability of Equilibrium States

In Section 8.3 the equilibrium states were determined by applying
the principle of virtual work U = 0. However, experience teaches
that there are “different types” of equilibrium states. To charac-
terize these states the concept of stability must be introduced. In
the following, the discussion is limited to conservative forces and
systems with only one degree of freedom. In this case the potential
V' depends only on one coordinate. Fig. 8.15 shows two examples
where the only applied force is the weight. The first example in
Fig.8.15a shows a sphere (weight W) that lies at the lowest point
of a concave surface (equilibrium position). If a small disturbance
is imposed, e.g., a small lateral deflection x, the sphere is lifted
by an amount Az and the potential is increased by

AV =W Az>0.

In the second example, a rod supported by a frictionless pin at its
upper end is shown in the equilibrium position (vertical position).
A small disturbance (small angle ¢) raises the center of gravity
of the rod (point of application of W) and therefore increases
the potential. In both cases, the respective body returns to its
equilibrium position when left to itself. Such equilibrium positions
are referred to as stable.

Now we consider a sphere lying on a horizontal plane and a
rod supported at its center of gravity (Fig.8.15b). The elevation
of the points of application of the weights remains unchanged in
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z, ¢
equilibrium position

v

Fig. 8.15

the case of a displacement = or a rotation ¢. Therefore, there is
no change in the potential:

AV =WAz=0.

The displaced positions are also equilibrium positions. The bodies
remain at rest when left to themselves. Such equilibrium states are
called neutral.

If the sphere is in equilibrium at the highest point of a convex
surface or if the rod is supported at its lower end (Fig. 8.15¢), then
the potential decreases due to a displacement:

AV =W Az <0.

When the sphere or the rod are left to themselves in the displaced
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position, they will move further away from the equilibrium state.
Such equilibrium states are referred to as unstable.

On the right-hand side of Fig. 8.15 the graph of the potential is
qualitatively depicted as a function of  (sphere) or as a function of
¢ (rod) for the three cases. It can be recognized from the diagrams
that the potential in each equilibrium state has an extreme value.
This extreme value is equivalent to the principle of virtual work
that, according to (8.11), requires for equilibrium

0V =-6U=0.

If the potential depends on one coordinate only, e.g., V = V(x),
then

(5V:dV6x:0.
dx

Since dz # 0, this equation leads to the following condition for an
equilibrium state:

Qe = Vi=0. (8.13)

The graph of the potential function has a horizontal tangent at
the point corresponding to an equilibrium position.

The criterion of stability follows from the behavior of the po-
tential curve in the vicinity of the considered equilibrium state.
In case a), the potential increases due to a displacement x or a
rotation ¢; in case c) the potential decreases. Therefore, taking
into account the above-mentioned concepts, it can be stated:

> (0 stable
AV { =0 neutral equilibrium . (8.14)
< 0 unstable

Accordingly, the potential has a minimum in a stable equilibrium
state and a maximum in an unstable equilibrium state. Conse-
quently, the stability criterion (8.14) can also be formulated in
terms of the second derivative of the potential function V'(x),
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characterizing a minimum and a maximum:

V"(zg) >0 — minimum —  stable,
(8.15)

V"(zg) <0 — maximum — unstable.

Here, the position xy denotes the equilibrium state.

In the case V" (xg) = 0, further investigations are necessary.
Let V(zo9) = Vy be the value of the potential in the equilibrium
state xg. The potential in a neighboring position xy + dx can be
expressed by the Taylor-Series

V(zo +6z) = Vo + V'(20) 6z + L V" (20) (6z)?
+ éV”’(:ro) (dz) +....
Thus, the change in the potential is

AV = V(ZL‘O + 5:]9) — Vo
(8.16)
= V'(w0) 6z + V" (20) (63)2 + V" (w0) (62)° + ...

According to (8.13), the first derivative of the potential vanishes
in the equilibrium state, i.e. V'(xzg) = 0. Therefore, the algebraic
sign of the second derivative V" (zg) of the potential determines
whether AV is greater or less than zero and hence, whether the
equilibrium state is stable or unstable. If V" (z¢) and all higher
derivatives disappear, then AV = 0 according to (8.16). This cor-
responds to a neutral equilibrium state. On the other hand, if
V"(x9) = 0 holds and higher derivatives are nonzero, the alge-
braic sign of the lowest non-vanishing derivative of the potential
determines the type of equilibrium.

Example 8.7 Three cogged wheels are supported without friction
at their centers. Three mass points (weights Wi, Wa and W3) are
mounted eccentrically on the wheels as shown in Fig. 8.16a.

Determine the equilibrium states and investigate their type of
stability (i.e., stable or unstable) for Wy = W3 =2W, Wy = W
and z = /3.

E8.7
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O Q
e L :
O O
a1 as
00 09
) o
O Q
a2 c Q4

Fig.8.16

Solution To formulate the potential we introduce the coordinate
z as shown in Fig.8.16b. Let the large wheel be rotated by an
arbitrary angle « from the initial position (Fig.8.16b). This rota-
tion causes the other wheels also to rotate. The arc lengths at the
contact points of the wheels must be the same for every wheel.
With the given radii, we obtain

s ot =a"=2a.

2ra=ra*=ra
The coordinates of Wy, W5 and W3 are given by
21 = —xsina, 29 =rcosa” =rcos2a,
23 =—rcosa™ = —rcos2a.
Thus, the total potential can be expressed as
V=Wiz+Wszo+ Wszs
=2W(—zsina) + Wrcos2a+ 2W(—rcos2a)
= —Wr(2V3sina +cos2a).

According to (8.13), the equilibrium states are determined from
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V' = c(ilz = —Wr(2V3cosa —2sin2a)
= —2Wrcosa(V3 —2sina) =0.
A first solution is obtained by setting the first factor to zero:
cosa=0.
The corresponding equilibrium positions are

ap =7/2, ay=37/2.

A second solution follows from the disappearance of the bracketed
term:

V3—2sina=0 — sina=+3/2.
The corresponding equilibrium positions are
ag=7/3, a4=27/3.

According to (8.15), the type of equilibrium of the four different
positions can be determined with the aid of the second derivative
of the potential:

v
" da?

= 2Wr(V3sina +2cos2a).

v = —Wr(—2V3sina —4cos2a)

Inserting the solutions «; yields:

V') =V"(Ar)=2Wr(vV3-2)<0 —  unstable,
V' (ag) =V"(3m)=2Wr(—vV3-2)<0 — unstable,

V'ag) = V"(3m) =2Wr [V3LV3+2(=1)| =Wr >0

—  stable,
V" (aq) = V" (2m) =2Wr [¢3§¢3+ 2 (fé)} =Wr>0
—  stable.

Fig. 8.16¢ shows the four equilibrium configurations.
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Example 8.8 A weightless rod is subjected to a vertical force F
and held on each side by a spring (Fig. 8.17a). The spring constant
of each spring is k. An appropriate support keeps the springs in a
horizontal position during a rotation of the rod.

Determine the type of stability of the equilibrium positions.

F ‘ F r
T I unstable
k k '

a b c ¥

Fig.8.17

Solution We introduce a coordinate system with its origin at
the fixed support (Fig.8.17b). To determine the potentials of the
force F' and the spring forces we consider an arbitrary position of
the rod. The zero-level of the potential of force F' (dead load, cf.
Section 8.1) is chosen to be at z = 0. Thus, its potential is

V.=Fz,.

According to (8.9) the potential of a spring (spring constant k)
due to an elongation z is given by

Vi=1ka®.

The system has one degree of freedom. Therefore, the total poten-
tial depends only on a single coordinate; it is useful to choose the
angle ¢ (Fig.8.17b). With the geometrical relations z, =1 cosp
and x = a tan g, the total potential becomes

V(p) =Flcosp+2 3% k(atanp)”.

We determine the equilibrium positions using condition (8.13):

d t
V=W L pisingtoka? ™ g
de cos? p
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1
— singp(Fl+2ka2 3 )0.
cos?
A first equilibrium position is obtained from
simp=0 — ¢ =0.

Further solutions follow from the term in parentheses:

1 2ka?
—Fl+2kad? =0 — 3y =
+aka cos3 ¢ oS vz Fl
. \S/QkaQ (a)
= arccos . a
P2 Fi

These positions exist only for FI > 2k a?.
In order to investigate the type of stability, the second deriva-
tive of the total potential is calculated:

1
P2V cos?p 5 ttany 2cosp sing
V=", = —Flcosgp+2ka® cosTy 4
de cost p
1 + 2sin?
=—Flcosy +2ka® * im v
cost p
3 —2cos?
=—Flcosp+2ka? (;OS 7 (b)
cost p
Inserting the first solution ¢ = 0 yields
Fl
7 _ 2\ 2
V1) =(—Fl+2ka”)=2ka <12ka2)' (c)

The algebraic sign of V" (and thus the stability of this equilibrium
position) depends on the parameters that appear in parentheses.
From (c), we obtain

Fl o
V"(p1) >0 for oka? < 1 — stable position,

Fl
V"(p1) <0 for 9k g2 >1 — unstable position.
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The special case

Fl ka2
-1 - F=2"%_F

2k a2 l crit (d)
characterizes the “critical load”, since at this point of the load-
displacement curve in Fig.8.17¢c, the stable position ¢ = 0 (for
F < F_,;;) changes to an unstable position (for F > F_,).

The second derivative V" (1) is equal to zero for F = F_;,. To
investigate the type of stability at this particular point, it would
be necessary to consider higher derivatives of V.

If the angle @2 of the second equilibrium position is inserted
into (b) and the relation 2 ka? = Fl cos® @5 is used, we obtain for

the second derivative of V

3—20082302)

V" (g2) = — Flcos s <1 — cos? py .
cos? g

3
— F'lcos ps <1— 9 —|—2)
cos? pa

1
3Flcos<p2( ) —1).
cos? g

For 0 < 9 < 7/2, we have cos p2 < 1. Hence, V" (p2) > 0, i.e., the
equilibrium position ¢ = 5 is stable. Note, since cos ¢ is an even

function, a second solution @} = —py exists. As a consequence,
according to (a), 2ka?/F1 < 1 holds and thus, according to (d),

F > F_;.. In the special case of p2 = 0 we obtain V" (¢2) = 0 and
F= Fcrit'

The result is depicted in Fig.8.17c: for F' < F;, there exists
only one equilibrium position, i.e., ¢ = 0; this position is stable.
For F > F_;

equilibrium positions +yo appear. Hence, three different equili-

. this position becomes unstable, and two new stable

brium positions exist in this region.

Since a bifurcation of the solution appears for the critical load
F = F_,, this particular value in load-displacement diagrams
is called the “bifurcation point”. The critical load and the bi-
furcation of a solution play an important role in the analysis of

the stability behavior of elastic structures (cf. Volume 2).
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Example 8.9 The homogeneous body shown in Fig. 8.18a (density E8.9
0) consists of a half circular cylinder (radius r) and a rectangular
block (height h).
Determine the value of h for which the body is in neutral equi-
librium at an arbitrary position.

A
l

=

Fig.8.18

Solution The rectangular block has the weight
Wg =2rhlog,

and the distance of its center of gravity measured from the sepa-
rating surfaces of the two parts of the body is

sQ Zh/2

(Fig. 8.18b). The corresponding values for the half cylinder are

1
Wy = 27T7°2lgg
and
4
Sg =g mT

(see Table 4.1).

If we choose the surface of the base as the reference level for
the potential, we obtain the following expression for an arbitrary
position a:

2 4
V =o0gl mr r— rcosoz +2rh r+hcosa .
2 3m 2

The equilibrium positions are determined from
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d 2
V' = d‘o/; =oglsina [3 TB—Th2:| =0.

A first equilibrium position follows from
sina=0 — a1 =0.

Therefore, the reference configuration (characterized by a = 0) in
which the centers of gravity Co and Cg lie over each other on
a vertical line is an equilibrium position. The derivative V' also
vanishes if the term in the brackets becomes zero:

2 . ) \/ 2
r’—rh*=0 — h= r.
3 3
Equilibrium positions with arbitrary « exist for this specific value
of h only.
To apply the stability criterion, we consider the second deriva-
tive

2
V" =opglcosa {3 rs th} )

For an arbitrary value of a and h = 1/2/3 r, the second derivative
V" and all higher derivatives are equal to zero. The equilibrium
positions are therefore neutral. The body is then in equilibrium
in every arbitrary position, as shown in Fig. 8.18c.

This problem may also be solved without using the potential
and its derivatives. An equilibrium position is neutral, if the center
of gravity remains at the same elevation during a rotation (AV =
0). Therefore, the center of gravity C' of the whole body must have
the constant elevation r above the base for arbitrary a. Using
(4.13), the center of gravity is given by

w2 4T+2h +h
o2 s T T

71'7“2

2

After some algebraic manipulations, h follows from the condition
Yo = r. This value is identical to that calculated above.

+27rh
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Example 8.10 Determine the type of stability of the equilibrium
position in Problem 8.1.

Solution We choose the zero level of the potential of force W at the
level of the support A (Fig.8.9a). The zero level of the potential
of force @) is chosen at the height at which the counterweight is
located when the drawbridge is in the vertical position (¢ = 0).
With s = 2[sin(¢/2), the total potential as a function of the
coordinate ¢ becomes

Wi Wi
Vig)= ", cosp+Qs=", cosgo+2stin‘§.

2

Using the relation sin¢ = 2sin(p/2) cos(p/2), the derivatives are
obtained as

Wi . Y P ¥
r_ _
V= 9 s1n<p+Qlc052 ( 4% sm2 +Q) lcos2,

Wi QL . v
n__ _
V7= g COSP— , sin,.

From V’ = 0, we again obtain the equilibrium position

sin(/2) = Q/W.

Without further calculations, it can be seen that V" is negative
for ¢ < m/2. Therefore, the equilibrium position determined in
Problem 8.1 is unstable.

8.6 Supplementary Problems

The detailed solutions to most of the following examples are given
in (A) D. Gross et al. Formeln und Aufgaben zur Technischen Me-
chanik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben
zur Technischen Mechanik 1-3, Springer, Berlin 2011.

E8.10

8.6
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Example 8.11 The mechanism
shown in Fig. 8.19 is subjected
to a force F' and a moment
My. The weights of the three
links may be neglected.

Apply the principle of vir-
tual work to find the equilibri-
um position ¢ = p*.

M,
Result: see (B) ¢* = arcsin F(IJ'

Example 8.12 A hinged beam

is subjected to a line load qo 7

and a concentrated force F l o o

Fig. 8.20). ! ) 1

(Fig. 8.20). s i &5 Ac
Determine the support reac- 7777 7777

tion B with the aid of the prin- e Jea,l a | a ]

ciple of virtual work. Fig. 8.20

Result: see (B) B =2qya+ 5 Fsina.

Example 8.13 The system in Fig.8.21 is held by a spring
(stiffness k) and a torsion

spring (stiffness k). The for- 7
ce in the spring and the mo- ‘
ment in the torsion spring are

zero in the equilibrium posi- T
tion shown in the figure. This !

equilibrium position is unsta- J 3
T
ble if the applied force F ex- Zos =
ceeds a critical value Fiit. ‘ . ‘ ! i
Find Ferit. Fig.8.21

Results: see (A)  Fepig = kl + 4k, /1.
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Example 8.14 A hydraulic ramp is schematically depicted in E8.14
Fig.8.22. The two beams

(each length ) are pin- m
connected at their centers O O

M. A car (weight W)
stands on the ramp.

Determine the force F
which has to be genera-
ted in the hydraulic piston
and applied to the lever of
length a in order to keep the
system in equilibrium.

Result: see (B) F = w.

Example 8.15 A wheel (weight W, radius r) rolls on a circular E8.15
cylinder (radius R) without sli-
ding. It is connected to a wall by
a spring (stiffness k). The spring
is kept in a horizontal position by
the support; the force in the spring
is zero in the position shown in
Fig. 8.23.

Determine the equilibrium posi-
tions and investigate their stability.

Fig. 8.23 /

Results: see (B) 1 =0 (W < k(R + r): stable),
(W > k(R + r): unstable),

(2,3 = Farccos (unstable).

w
E(R+71)
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Example 8.16 The slider crank mecha-
nism shown in Fig. 8.24 consists of the
crank AC and the connecting rod BC.
Their weights can be neglected in com-
parison with the force F' acting at B.
Determine the moment M («) which
is necessary to keep the system in equi-
librium at an arbitrary angle c.

Fig. 8.24

Result: see (A) M = Fr sina(l +

T COSt )

\/Z2 —r2sina

Example 8.17 Calculate the force S; in member 1 of the structure
in Fig. 8.25.
l qo

ﬂ
o

no
Qo
o
| |
| |
| —|
)t—]
| ]
| |
| ]
| |
|

\ Fig. 8.25
Result: see (A) S1 = 3 qpa.

Example 8.18 A concentrated mass
m is attached to a circular disk ©
(radius R, mass M) as shown in l
Fig.8.26. The disk can roll on an
inclined plane (no sliding!).
Determine the positions of equi-
librium and investigate their stabi-
lity. Fig. 8.26

Results: see (B) ¢1 =0 (k= 1, unstable),
g = tarccosk (K < 1, stable),
Kk =cosp = (M +m)Rsina/(mr).
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Example 8.19  Figure 8.27 shows E8.19
schematically the door C'D (weight ]
W, height 2r) of a garage. It is sup-
ported by a lever BC and a spring
AB (stiffness k). The spring is un-
stretched for a« = m. The distance
between the points B and M is de- -
noted by a.

Investigate the stability of the
equilibrium configurations for the
case a < r and Wr/ka® = 3.

Fig. 8.27

Results: see (A) a3 =0 (unstable), «y = 7/3 (stable),

ag = 7 (unstable).
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8.7 Summary

The work done by a force F' during an infinitesimal displace-
ment dr of the force application point is dU = F - dr. The
work done during a finite displacement is given by

U:/F'dr.

Remark: The expression “work = force x displacement” is valid
if and only if the directions of the force and of the displacement
coincide and the force is constant.

The work U of a conservative force is path-independent. A
conservative force can be derived from a potential (potential
energy) V = —U.

The potentials of a weight W, a spring force and a torsion-
spring moment, respectively, are given by

1 1
V=Wz, V:2k:x2, V:21<:T<p2.

Virtual displacements dr or rotations d¢ are infinitesimal, ima-
ginary (they do not really exist) and kinematically possible.
The virtual work of a force F' is given by 6U = F - r, and the
virtual work of a moment M by dU = M - §e.

A mechanical system is in equilibrium if the work done by the
external forces disappears during a virtual displacement from
this position:

oU =0.

In a conservative system, the total potential has an extreme
value in an equilibrium position. The equilibrium position xg
of a system with one degree of freedom is characterized by

V/(I'(]) =0.

An equilibrium state is stable (unstable), if its total potential
has a minimum (maximum):

V(o) >0 — stable, V"(z9) <0 — unstable.
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9 Static and Kinetic Friction

9.1 Basic Principles ...,
9.2 Coulomb Theory of Friction.....................ooni.
9.3 Belt Friction ..o
9.4 Supplementary Problems..................

9.5 SUMMANY Lo

Objectives: Bodies in contact exert a force on each other.

In the case of ideally smooth surfaces, this force acts perpendicu-

larly to the contact plane. If the surfaces are rough, however, there

may also be a tangential force component. Students will learn that

this tangential component is a reaction force if the bodies adhere,
and an active force if the bodies slip. After studying this chapter,
students should be able to apply the Coulomb theory of friction

to determine the forces in systems with contact.
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9.1 Basic Principles

In this textbook so far it has been assumed that all bodies consi-
dered have smooth surfaces. Then, according to Chapter 2.4, only
forces perpendicular to the contact plane can be transferred bet-
ween two bodies in contact. This is a proper description of the
mechanical behavior if the tangential forces occurring in reality
due to the roughness of the surfaces can be neglected. In this
chapter, we will address problems for which this simplification is
not valid. First, let us consider the following simple example.

Fig.9.1a shows a box with weight W resting on a rough hori-
zontal surface. If a sufficiently small horizontal force F' is applied
to the box, it can be expected to stay at rest. The reason for this
behavior is the transfer of a tangential force between the base and
the box due to the surfaces’ roughness. This tangential force is
frequently called static friction force H.

Using the notation given in the free-body diagram (Fig. 9.1b),
the equilibrium conditions for this system lead to the following
relations:

T N=W, —: H=F. (9.1)

The equilibrium of moments would additionally yield the location
of N, which is not needed here.

w W

w —

| I
v '

If the force F' exceeds a certain limit, the box slips on the base
(Fig.9.1c). Again, a force is transferred between the box and the
base due to the roughness of the surfaces. This tangential force is
commonly called kinetic friction force R. Since it tends to prevent
the movement, its orientation is opposed to the direction of the

rough
a

Fig.9.1

motion. Assuming the acceleration a to be positive to the right,
the second equilibrium condition (9.1) is replaced by Newton’s

9.1
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second law (cf. Volume 3)
mass times acceleration = Z forces,
i.e., in the current example,
ma=F—R. (9.2)

Here, the kinetic friction force R is as yet unknown.

Even though static and kinetic friction are caused by the rough-
ness of the surfaces, their specific nature is fundamentally differ-
ent. The static friction force H is a reaction force that can be
determined from the equilibrium conditions for statically deter-
minate systems without requiring additional assumptions. On the
other hand, the kinetic friction force R represents an active for-
ce depending on the surface characteristics of the bodies in con-
tact. In order to keep this fundamental difference in mind, it must
be carefully distinguished between static friction corresponding to
friction in a position of rest and kinetic friction related to the mo-
vement of bodies in contact. Accordingly, we distinguish precisely
between the corresponding static friction forces and the kinetic
friction forces.

Friction forces are altered strongly if other materials are placed
between the bodies considered. Every car driver or bicyclist knows
the differences between a dry, wet, or even icy road. Lubricants
can significantly decrease friction in the case of moveable machi-
ne parts. Due to the introductory nature of this chapter, “fluid
friction” and related phenomena will not be addressed.

The following investigations are restricted to the case of so-
called dry friction occurring due to the roughness of any solid
body’s surface.

Static and kinetic friction are of great practical relevance. It is
static friction that enables motion on solid ground. For instance,
wheels of vehicles adhere to the surface of the road. Forces nee-
ded for acceleration or deceleration are transferred at the contact
areas. If these forces cannot be applied, for example in the case of
icy roads, the wheels slide and the desired state of motion cannot
be attained.
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Screws and nails are able to perform their tasks due to their
roughness. This effect is reinforced in the case of screw anchors
with the increased asperity of their surfaces.

On the other hand, kinetic friction is often undesirable due to
the resulting loss of energy. In the contact areas, mechanical ener-
gy is converted to thermal energy, resulting in a temperature in-
crease. While one tries to increase static friction on slippery roads
by spreading sand, the kinetic friction of rotating machine parts
is reduced by lubricants, as mentioned before. Again, it becomes
obvious that static and kinetic friction need to be distinguished
carefully.

9.2 Coulomb Theory of Friction

Let us first consider static friction, using the example in Fig. 9.1b.
As long as F' is smaller than a certain limit Fp, the box stays at
rest and equilibrium yields H = F. The tangential force H at-
tains its maximum value H = H for F = Fy. Charles Augustine
de Coulomb (1736-1806) showed in his experiments that this li-
mit force Hy is in a first approximation proportional to the normal
force N:

The proportionality factor ug is commonly referred to as the co-
efficient of static friction. It depends solely on the roughness of
surfaces in contact, irrespective of their size. Table 9.1 shows se-
veral numerical values for different configurations. Note that coef-
ficients derived from experiments can only be given within certain
tolerance limits; the coefficient for “wood on wood”, for example,
strongly depends on the type of wood and the treatment of the
surfaces. It should also be noted that (9.3) relates the tangenti-
al force and the normal force only in the limit case when slip is
impending; it is not an equation for the static friction force H.

A body adheres to its base as long as the condition of static
friction

H < HQ = /LQN (94&)

9.2
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coefficient of

static friction g

Table9.1

coefficient of

kinetic friction g

steel on ice 0.03 0.015
steel on steel 0.15...0.5 0.1...04
steel on Teflon 0.04 0.04
leather on metal 0.4 0.3

wood on wood 0.5 0.3

car tire on snow 0.7...0.9 0.5...0.8
ski on snow 0.1...0.3 0.04...0.2

is fulfilled. The orientation of the friction force H always opposes
the direction of the motion that would occur in the absence of
friction. For complex systems, this orientation is often not easily
identifiable, and must therefore be assumed arbitrarily. The al-
gebraic sign of the result shows if this assumption was correct
(compare e.g., Section 5.1.3). In view of a possible negative alge-
braic sign of H, we generalise condition (9.4a) as follows:

H| < Hy=po N (9.4b)

The normal force N and the static friction force H can be as-
sembled into a resultant force K (Fig. 9.2a). Its direction is defined
by the angle ¢, which can be derived from

H
tanp = N

[ )
K

Fig.9.2
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Referring to the limit angle ¢; as gp (in the case H = Hy) yields
Hy _poN _
N N Ho -

This so-called “angle of static friction” g is related to the coeffi-

tan ¢, = tan gg =

cient of static friction:
tan gg = pg - (9.5)

A “static friction wedge” for a plane problem (Fig.9.2b) is ob-
tained by drawing the static friction angle gp on both sides of the
normal n. If K is located within this wedge, H < Hj is valid and
the body stays at rest.

In three-dimensional space, the static friction angle oo can also
be interpreted graphically. A body stays at rest if the reaction
force K corresponding to an arbitrarily oriented external load is
located within the so-called “static friction cone”. This cone of
revolution around the normal n of the contact plane has an angle
of aperture of 2pg. If K is located within the static friction cone,
¢ < oo and consequently |H| < Hp holds (Fig. 9.3).

Fig.9.3

If K lies outside of this cone, equilibrium is no longer possi-
ble: the body starts to move. We now will discuss the friction
phenomena occurring in this case. Again, Coulomb demonstrated
experimentally that the friction force R related to the movement
is (in a good approximation)
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a) proportional to the normal force N (proportionality factor u)
and

b) oriented in the opposite direction of the velocity vector while
being independent of the velocity.

Consequently, the law of friction can be stated as follows:
R=uN. (9.6)

The proportionality factor p is referred to as the coefficient of
kinetic friction. In general, its value is smaller than the formerly
introduced coefficient of static friction po (compare Table 9.1).

When considering the direction of R by means of a mathema-
tical formula, a unit vector v/|v| oriented in the direction of the
velocity vector v must be introduced. Coulomb’s friction law then
reads

v
v]”

with the minus sign indicating that the friction force acts in the
opposite direction of the velocity vector. In contrast to static fric-
tion forces, the sense of direction of kinetic friction forces therefore
cannot be assumed arbitrarily.

e I N e

R=—-uN

R R R R
 ——  —  — —
Fig. 9.4

If both the body and the base move (e.g., bulk goods slipping
on a band-conveyor) then the direction of the kinetic friction force
depends on the relative velocity, i.e., on the difference of the velo-
cities v1 and v (cf. Volume 3). In Fig. 9.4, the resulting direction
of the kinetic friction force exerted on the body is illustrated for
different configurations.

In summary, the following three cases have to be distinguished:
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a) “Static friction” The body stays at rest; the correspon-
H <puy N ding static friction force H can be calcu-
lated from the equilibrium conditions.

b) “Limiting friction” The body is still at rest but on the verge
H=pu N of moving. After a disturbance, the body
will be set in motion due to the fact that

H < po-

¢) “Kinetic friction”  If the body slips, the kinetic friction force
R=uN R acts as an active force.

When investigating friction phenomena, one has to distinguish
between statically determinate and statically indeterminate sys-
tems, respectively. In the first case, the reaction forces H and N
can be calculated from the equilibrium conditions in a first step.
Subsequently, fulfillment of the static friction condition (9.4b) can
be checked. In statically indeterminate problems, determining the
reaction forces H and N is not possible. In this case, one can only
formulate equilibrium conditions as well as static friction condi-
tions at those locations where the bodies adhere. Then a system
of algebraic equations and inequalities needs to be solved. Howe-
ver, in this case it is often easier to investigate only the limiting
friction case.

Example 9.1 A block with weight W resting on a rough inclined
plane (angle of slope «, coefficient of static friction ug) is subjected
to an external force F' (Fig.9.5a).

Specify the range of F' such that the block stays at rest.

/ /

7 H\\N I/ "
w w ‘\N

a
Fig.9.5

E9.1



268 9 Static and Kinetic Friction

Solution If F is a sufficiently large positive force, the block would
move upwards without static friction. The static friction force H
then is oriented downwards (Fig. 9.5b). From the equilibrium con-
ditions

S F—Wsina—H=0, N: N—-Wcosa=0
the static friction force and the normal force can be determined:
H=F—-Wsina, N =W cosc.

Inserting these forces into (9.4a) establishes the range of F' fulfil-
ling the static friction condition:

F—-Wsina<pugWcosa — F <W(sina+ pocosa).

Using (9.5), we can reformulate the preceding relation in terms of
the static friction angle gg:
sin(a + o)

F < W (sina+tan gg cosa) = W . (a)
COS Qo

On the other hand, if F' is too small, the block may slip down-
wards due to its weight. The static friction force preventing this
motion is then oriented upwards according to Fig.9.5c. In this
case, from the equilibrium equations

S F—Wsina+H=0, N: N—-Wcosa=0
and the static friction condition

H< pg N,
we obtain the following inequality:

Wsina— F < pugWcosa.
This result can be formulated in terms of the static friction angle:

F>W (sina—pgcosa) =W sin(a = go) . (b)
COS Qo
Summarizing the results (a) and (b) yields the following admissible

range for the force F':
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sin(a — o) <F<W sin(a + go). (©
COS Qo COS 0o
Assuming, for example, the case “steel on steel”, friction coef-
ficient up = 0.15 from Table 9.1 yields gp = arctan0.15 = 0.149.
Choosing furthermore a = 10° =0.175 rad, we obtain from (c)

sin(0.175 — 0.149) CF<W sin(0.175 + 0.149)
co0s(0.149 - = co0s(0.149
or

0.026 W< F<032W.

In this numerical example, the block stays at rest provided that F’
is in the range between approximately 3% and 30% of its weight
W. If a < g, F' can also take on negative values according to (c).

In the case o = gg, the lower limit of the range of F' equals zero.
Therefore, the slope of the inclined plane is a direct measure of
the coefficient of static friction. A body under the action of only
its own weight (i.e., ' = 0) stays at rest on an inclined plane as
long as o < pg holds.

Example 9.2 A man with weight () stands on a ladder as depicted
in Fig. 9.6a.

Determine the maximum position z he can reach on the lad-
der if a) only the floor and b) the floor and the wall have rough
surfaces. The coefficient of static friction in both cases is ug.

Solution a) If the wall surface is smooth, the ladder is subjected
only to a normal force Ny at B (Fig.9.6b). At A, we have a normal
force N, and a static friction force H, (opposing the movement
that would occur without static friction). From the equilibrium
conditions

N2
—~: Ny—H,=0, 1+ N,—Q=0, A:2Q—-hNy=0
B A A B

the normal force and static friction force at point A can be calcu-
lated:

E9.2
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vz

[ =

o

NgB
—
Ha lQ
Ha
<

X
HA:hQ, NA:Q

Insertion into the condition of static friction

Hy < poNy

yields the solution

xr
hQSqu — < poh.

Qo —|

This result can also be obtained in the following way: in equili-
brium, the lines of action of the three forces @, N, and K , (re-
sultant of N, and H ,) have to intersect at one point (Fig.9.6b).

Thus,
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H, =
tanp = = .
N, h
The line of action of the reaction force K4 must be located within
the static friction cone (¢ < gg). Consequently, the ladder stays
at rest provided that

Z:tangogtangozuo - x<puph.

For a < gy, the stability of the ladder is ensured for all possible
values of x, due to z < htana.

b) If the surface of the wall is also rough, four unknown reaction
forces are exerted on the ladder, according to Fig. 9.6¢c. However,
only three equilibrium equations are available. Hence, these forces
cannot be determined unambiguously and the problem is statical-
ly indeterminate. Nevertheless, one can calculate the admissible
range of x from the equilibrium equations

—: Np=H,, Tt Noa+Hp=Q,
Q: r@Q =hNg+ (htana) Hg

and the conditions of static friction
Hp <poNp, Hpy<poNa.

Since the solution of the system of equations and inequalities is
not straightforward, we prefer the graphical approach illustrated
in Fig.9.6d. For this purpose, the static friction cones are drawn
at both points of contact. If the line of action g of the load @Q
is located within the domain of the overlapping cones marked
in green, a multitude of possible reaction forces is conceivable;
an example of one combination is illustrated in Fig.9.6d. The
ladder starts to slide if ¢ is located to the left of C, since in this
case the required static friction force cannot be applied anymore.
Obviously, the danger of slipping is decreased or even eliminated
in the case of a steeper position of the ladder.
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Example 9.3 A screw with a flat thread (coefficient of static fric-
tion pg, pitch h, radius r) is subjected to a vertical load F' and a
moment My as shown in Fig.9.7a.

State the condition for equilibrium if the normal forces and
the static friction forces are uniformly distributed over the screw
thread.

2 —
F

—

dN

7 " :
<
dH AN
dH
“ A h m
? 2rr -
a Ma b Fig.9.7

Solution We decompose the normal force dV and the static fric-
tion force dH exerted on an element E of the thread into their
horizontal and vertical components, as illustrated in Fig.9.7b. The
corresponding angle « can be determined from the pitch & and the
unrolled perimeter 2 7 r as tan« = h/2 7 r. The resultant, i.e., the

integral of the vertical components, has to equilibrate the external
load F":

F:/chosaf/dHSina:cosa/desina/dH. (a)

Furthermore, My has to be in equilibrium with the moment re-
sulting from the horizontal components:

Md:/rstina+/rdHcosa:rsina/dN+rcosa/dH.
In combination with (a) we obtain
M, M,
/szFcosa—i— dsina, /dH: 4 cosa — Fsina.
r r

Introducing the condition of static friction



9.3  Belt Friction 273

|dH| < podN  or /|dH|§,u0/dN
yields

d .
cosa — F'sina
r

M,
< o <Fcosa+ d sina) .
r
If My/r > Ftana, this inequality results in

Mg
,

— Ftan«

M M
= dthanaguo <F+ dtana)
r r

or, using (9.5) and the addition theorem of the tangent function

M t t t
l<F ana -+ fio =F ana + tan go =Ftan(a + 0p) -

r 1—tanau07 1 — tanatan gg

If, on the other hand, My/r < Ftanca, we analogously obtain
from

Mg
r

— Ftan«

M M
= Ftana — dguo <F+ dtana)
r r

the condition

Aj{d > Ftan(a — 0g) .

Hence, the screw is in equilibrium provided that
Ftan(a — gp) < J\fd < Ftan(a + go)

holds. In particular, if a < gg (i-e., tana < pg), the load F is
supported only by the static friction forces and no additional ex-
ternal moment is required for equilibrium (M, = 0). In this case,
the screw is “self-locking”.

9.3 Belt Friction

If a rope wrapped around a rough post is subjected to a large force
on one of its ends, a small force on the other end may be able to

9.3
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‘7*'-1{HR
S+dsS de/( S

a Sa > 5 b Fig.9.8

prevent the rope from slipping. In Fig. 9.8a, the rope is wrapped
around the post at an angle «. It is assumed that the force So
applied to the left end of the rope is larger than the force S;
exerted on the right end. In order to establish a relation between
these forces, we draw the free-body diagram shown in Fig.9.8b
and apply the equilibrium conditions to an element of the rope
with length ds. In this context, we take into account that the
tension is changing by the infinitesimal force d.S along ds. Since
Ss > S holds, the rope would slip to the left in a case without
friction; i.e. slipping can be prevented only if the static friction
force dH is oriented to the right. The equilibrium conditions are

- Scosd;'pf(5+d5)cosd2@+dH:0,

de

o deSsind;Pf(SerS)sin , =0.

Since dy is infinitesimally small, we obtain cos(dy/2) ~ 1 and
sin (de/2) ~ dg/2; furthermore, the higher order term dS(dy/2)
is small and can be neglected in the following. Therefore, the
above relations simplify to

dH =dS, dN=Sdp. (9.7)
Obviously, the three unknowns H, N, and S cannot be determined
from these two equations: the system is statically indeterminate.

Therefore only the limiting friction case is considered, i.e., when
slippage of the rope is impending. In this case (9.3) gives
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Applying (9.7) yields
ds
g

Integration over the domain of rope contact produces

« SZ
ds So
po [ dp = —  poa=In
S 1

dH = pup Sdp=dS — pgdep=

S

or

SQ = Sl ehoe | (98)

This formula for belt friction is commonly named after Leonhard
Euler (1707-1783) or Johann Albert Eytelwein (1764-1848).

If, in contrast to the initial assumption, S; > S holds, one
simply has to exchange the subscripts to obtain

Sl = SQ eho” or SQ = Sl e Mo, (99)

For a given Si, the system is in equilibrium provided that the
value of S; remains within the limits given in (9.8) and (9.9):

Sl e~ Mo S SQ S Sl eho | (910)

The rope slips to the right if S5 < 51 e #°% whereas it slips to
the left for Sy > Sp etoe,

The following numerical example gives a sense of the ratio
between the two forces. We assume the rope to be wrapped n-
times around the post; the coefficient of static friction is given by
1o = 0.3 = 1/7. In this case we obtain

So So

Ho2nm o . 2n n — —
eHOENT e & (7.5) and S1 = eron = (75"

Consequently, the more the rope is wrapped around the support,
the smaller is the force S; that is required to equilibrate the larger
force S5. This effect is taken advantage of when, for example,
mooring a boat.
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The Euler-Eytelwein formula can be transferred from static to
kinetic belt friction by simply replacing the static coefficient of
friction pg with the corresponding kinetic coefficient u. Kinetic
friction may occur if either the rope slips over a fixed drum or
the drum rotates while the rope is at rest. The direction of the
friction force R is opposite to the direction of the relative velocity
(compare Fig.9.4). When we know in which direction R acts, we
also know which of the forces S; or Ss is the larger one. Then

for So > 57 : Sy = Spel™,
(9.11)

for S < 57 : Sy = Spe H,

Example 9.4 The cylindrical roller shown in Fig. 9.9a is subjected
to a moment M. A rough belt (coefficient of static friction pg) is
wrapped around the roller and connected to a lever.

Determine the minimum value of F' such that the roller stays
at rest (strap brake).

| l |
v l

\*J

>0

a Fig.9.9

Solution The free-body diagram of the system is given in Fig. 9.9b.
The equilibrium of moments for both lever and roller yields:
N l
A lF*Q’I’Sl:O — 31:2 F,
r

A M,
B: Mg+(S1—8)r=0 — S =8-"12.

Obviously, Se > S is valid for equilibrium due to the orientation



9.3  Belt Friction 277

of M. Introducing the angle of wrap a = 7, the condition for
limiting friction follows from (9.8):

Sy = Spelom.

Hence,
Md Md

S = Sy etom — - S =
1 1€ - 1 r(eHUW—l)’

and we obtain the required force

2 My 1
e

g .
l [ erom™ — 1

Example 9.5 A block with weight W lies on a rotating drum. It
is held by a rope which is fixed at point A (Fig.9.10a).

Determine the tension at A if friction acts between the drum
and both the block and the rope (each with a coefficient of kinetic
friction p).

Sa

Fig.9.10 ? w

a
b

Solution First, the bodies are separated. Due to the movement of
the drum, a friction force R is exerted on the block. Its direction is
given in the free-body diagram shown in Fig.9.10b. Furthermore,
S 4 > Sp holds. From the equilibrium conditions for the block the
forces Sp and N are determined as

St Sp=Wsina+ R, N: N=Wcosa.

Introducing them into the friction laws for the rope (9.11) and for
the block (9.6)

E9.5
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SA:SBGMO(, R:,LLN
we obtain

Sy = (Wsina+ R) el = W(sina + pcosa) et .

9.4 Supplementary Problems

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 9.6 A sphere (weight ;) and a wedge (weight W) are
jammed between two vertical walls with
rough surfaces (Fig.9.11). The coefficient
of static friction between the sphere and
the left wall and between the wedge and
the right wall, respectively, is puo. The in-
clined surface O of the wedge is smooth. | .
Determine the required value of pg in Ho Lo

order to keep the system in equilibrium. Fig. 9.11

Result: see (B) o > (1 + Wy /Wi) tan a.

Example 9.7 The excentric device in Fig.9.12 is used to exert a
large normal force onto the ba-

se. The applied force F, desi- 4
red normal force N, coefficient
of static friction g, length [,

radius r and angle « are given.

Calculate the required ec-

centricity e.
Fig.9.12
l ]{; — T

Result: see (A) e > ..
cosa — posina
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Example 9.8 A horizontal force F
is exerted on a vertical lever to
prevent a load (weight W) from
falling downwards (Fig.9.13). The
drum can rotate without friction
about point B; the coefficient of
static friction between the drum
and the block is p.

Determine the magnitude of the
force F' needed to prevent the
drum from rotating.

b
Result: see (B) F > FhoC
tio(a +b)

Fig.9.13

Supplementary Problems
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Example 9.9 A wall and a beam (weight W2 = W) keep a roller

(weight W1 = 3W) in the position
as shown in Fig.9.14. The beam
adheres to the rough base; all the
other areas of contact are smooth.

Determine the minimum value
of the coefficient of static friction
1o between the base and the beam
in order to prevent slipping.

Result: see (B) o > v/3/3.

7

Fig.9.14 [ ]

Example 9.10 A block (weight W3) is clamped between two

cylinders (each weight W7) as

shown in Fig.9.15. All the sur- Ho
faces are rough (coefficient of e\
C e Wi
static friction o).
Find the maximum value of
W5 in order to prevent slipping. Fig. 9.15 Wa
2p0 sin o

Result: see (A) Wa <

cosa — po(1 + sin @)

E9.8

E9.9

E9.10
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E9.11 Example 9.11 A peg A that can ro-
tate without friction and a fixed peg
B are attached to a curved member
(weight W) as depicted in Fig.9.16.
The rope supports a load (weight
Wi = W/5).

Determine the number of coils of
the rope around peg B that are nee-
ded to prevent slipping. Calculate
the angle 3 in the equilibrium posi-
tion.

Fig.9.16

Results: see (B) 3 coils are sufficient, [ = 19.7°.

E9.12 Example 9.12 A block with weight W can move vertically between
two smooth walls. It is held by a
rope which passes around three fi- a
xed rough pegs (coefficient of static
friction po) as shown in Fig. 9.17.
Calculate the force F' which will

ensure that the block remains sus-

g%\@Qk

T

pended. Find the forces N, Ns : 7\ w
which are exerted from the block |
onto the walls. ,
e
c | F
Y
Fig. 9.17
w -2
Results: see (A) F > Ny =Ny = W

etom — 17 2b
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Example 9.13 Three cylinders (each
radius 7, weight W) are arranged as
shown in Fig.9.18. The surfaces of

all contact planes are rough (coeffi- A B
cient of static friction o).
Determine the minimum value of 0
in order t t slipping. —
o in order to prevent slipping = s
Fig.9.18

Result:  po > 0.268.

Example 9.14 A rotating drum (weight W7) exerts a normal force
and a kinetic friction force on a
wedge (Fig. 9.19). The wedge lies on
a rough base (coefficient of static
friction po).

Find the value of the coeflicient
of kinetic friction p between the

drum and the wedge that is requi-

red to move the wedge to the right.
Fig.9.19

po(1+ W/Wy) + tan«

Result: see (A) p= 1— po(1+ W/Wy)tana'

E9.13

E9.14
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Example 9.15 A beam (length 2a, weight W) rests on support
A. The triangle attached to its
right end touches a rotating drum
(Fig.9.20). The coeflicient of static ‘ 9
friction pg at A and the coefficient =2 == q ——‘
of kinetic friction p at B are given.

a) Calculate the maximum allow- W

able value of x in order to prevent /& N_#
i Ho b* B

slipping at A. A

b) Determine the necessary value g
of 1y so that the beam does not slip
for arbitrary values of z (0 < z <

Fig.9.20
a).
b
Results:  a) x < Hola + pub) , b)) po > Ha
I a+ pb

Example 9.16 The rotating drum in Fig.9.21 is encircled by a
break band that is tightened by
the applied force F'. The coeffi-
cient of kinetic friction between
the drum and the band is p.

Calculate the magnitude of 2
F' that is necessary to induce l
a given breaking moment Mp ; 1

A
if the rotation of the drum is ”Z}” l |
clockwise (c) and if it is coun- | o
. Fig.9.21
terclockwise (cc).
2M 2Mp eh™
Results: see (A) F. = B F.. = B¢

I(etm —1)"’
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9.5 Summary

The static friction force H is a reaction force that can be de-
termined directly from the equilibrium conditions in the case
of statically determinate systems. Note that the orientation of
H can be assumed arbitrarily in the free-body diagram.

The absolute value of the static friction force H cannot exceed
a certain limit friction force Hy. A body adheres to another
body if the condition of static friction

|H| < Ho = po N

is fulfilled.
The kinetic friction force R is an active force given by Cou-
lomb’s friction law

R=uN.

The force R is oriented in the opposite direction of the (rela-
tive) velocity vector.

In the case of static belt friction, the limiting case can be stated
with the aid of the Euler-Eytelwein formula:

SQ = Sleuoa °

In the case of kinetic belt friction, the forces are also related
by means of the Euler-Eytelwein formula if the coefficient of
static friction ug is replaced with the kinetic coefficient u:

Sy = S1et“.

9.5
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A Vectors, Systems of Equations

A.1 Vectors

Scalar physical quantities (e.g., time, mass, density) possess only
magnitude. Vectors are physical quantities (e.g., force, velocity,
acceleration) that possess magnitude and direction. A vector is
represented geometrically by an arrow. The direction of the arrow
coincides with the direction of the vector; the length of the arrow is
a measure of the magnitude of the vector (Fig. A.1). It is common
practice to denote a vector by a boldfaced letter, for example A.
The magnitude of a vector is denoted by |A| or by A. It is a
positive number or zero. A vector with magnitude “1” is called a
unit vector, and denoted by e. A vector with magnitude zero is
called a zero vector. The negative of a vector A is the vector —A;
it has the same magnitude as A but the opposite direction. Two
vectors are equal if they have the same magnitude and the same
direction.

A=Ae

Fig. A.1 Fig. A.2

If a vector A is multiplied by a scalar quantity A, the vector
B = )\ A is obtained (Fig. A.2); it has the magnitude |B| = |\||A].
The direction of B coincides with the direction of A if A > 0,
whereas it is oppositely directed if A < 0. Accordingly, any vector
may be written as the product of its magnitude and a unit vector
with the same direction (Fig. A.1):

A=Ae. (A1)
The addition of two vectors A and B yields the vector

C=A+B. (A.2)
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Fig. A.3 /

It may be obtained graphically: the sum of the two vectors A and
B is the diagonal of the parallelogram of which A and B are ad-
jacent sides (Fig. A.3).

This parallelogram may also be interpreted in the following
way: a given vector C' is resolved into the two vectors A and B
having the lines of action a and b. Vectors A and B are then cal-

led components of the vector C' in the directions a and b. In two
dimensions, the resolution of a vector into two different directions
is unique. Similarly, the resolution into three directions (which are
not coplanar) is uniquely possible in three-dimensional problems.

Fig. A.4

For the convenience of calculation, vectors are usually resolved
in a Cartesian coordinate system (Fig. A.4). The components are
then called rectangular components. The mutually perpendicu-
lar unit vectors e, e, and e, (called base vectors) point in the
positive x, y and z directions, respectively. The vectors e;, e,
and e, in this order, form a right-handed system: the thumb, the
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forefinger and the middle finger, in this order, can represent the
directions of e, e, and e..

The vector A may be resolved into its rectangular components
A, A, and A, in the directions z, y and z, respectively (Fig. A.4):

A=A, +A,+A,. (A.3)
According to (A.1), the components can be written as

A, =Aze,, Ay=Aye,, A, =A.e,. (A.4)
Hence, we obtain from (A.3)

A=A, e, +Aye,+A e, (A.5)

The quantities A,, A, and A, are called coordinates of the vec-
tor A. Note that they are often also called the components of A
(even though, strictly speaking, the components are the vectors

A; (G =2,9,2)).
One may arrange the coordinates in the form of a column:
Ay
A=14, |- (A.6)
A,

This representation of the vector A is called a column vector.
Frequently, it is more appropriate to arrange the coordinates in
a row instead of a column. If the columns and the rows are in-
terchanged, the vector is “transposed”; this is indicated by the
superscript “T”. Hence, vector A may also be written in the form
of a so-called row vector:

A= (A, Ay AT (A7)

A vector is uniquely determined by its three coordinates. Its
magnitude follows from the theorem of Pythagoras:

A= A= \/A§+A§+A§. (A.8)

The direction of A is determined by the three angles o, 8 and .
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The direction cosines

cosa = j, cosff = Ay’ cosy = AZ (A.9)
are taken from Fig. A.4. Hence, from (A.8)

s e
and therefore

cos® a +cos® B +cos’y =1. (A.11)
Thus, the three angles o, 8 and  are not independent.

The vector equation

A=B (A.12)
is equivalent to the three scalar equations

A, =B,, Ay,=B,, A.=B,. (A.13)

Hence, two vectors are equal if the three coordinates of both vec-
tors coincide.

In the following, some elements of vector algebra are given using
the representation of the vectors in a Cartesian coordinate system.

A.1.1 Multiplication of a Vector by a Scalar
Using (A.3) and (A.4), the multiplication of a vector A by a scalar
A (Fig. A.2) yields the vector

B=)MNA=A)N=)XA,+A4,+A,)
=XNAze, +AA e, + 1A e, (A.14)
Hence, every coordinate of the vector is multiplied by the scalar
A. If X\ is positive, B has the same direction as A; if A is negative,
B points in the opposite direction. In the special case of A = —1,

the negative of vector A is obtained: B = —A. For A = 0, the
zero vector 0 is obtained.
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A.1.2 Addition and Subtraction of Vectors
The sum of two vectors A and B is given by

C=A+B=(A,e,+A e, +A e,)+ (B,e,+Bye,+B.e,)
=(A;+B:)e.+(Ay+By)e, + (A, + B ) e (A.15)
=Cre; +Cye, +C €.

Hence,
Co=A,+B,, Cy=A,+By, C,=A,+B,. (A.16)

Two vectors are added by adding the corresponding coordinates.
To subtract a vector B from a vector A is equivalent to adding
the negative of B:

C=A-B=A+(-B). (A.17)
Therefore,
Co=A,—-B,, Cy,=4A4,-B,, C,=A,—-B,. (A.18)

A.1.3 Dot Product

Consider two vectors A and B that include the angle ¢ (Fig. A.5a).
The dot product (so called because of the notation “”) or scalar
product is defined as

A-B=ABcosyp. (A.19)

The scalar product yields a scalar (hence the name), not a vec-

tor! It may be interpreted in one of the following ways (Fig. A.5b):
a) product of the magnitudes of A and B multiplied by the cosine
of the angle ¢,
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b) magnitude of A multiplied by the component B cos g of B in
the direction of A,

¢) magnitude of B multiplied by the component A cosy of A in
the direction of B.

The scalar product is positive if the two vectors include an acute
angle (¢ < m/2) and negative if the angle is obtuse (¢ > 7/2). In
the special case of two orthogonal vectors (¢ = m/2), the scalar
product is zero.

From the definition (A.19) of the scalar product, it follows that

A-B=B-A. (A.20)

Hence, the order of the factors may be interchanged: the commu-
tative law is valid.

Introducing the vector components, the scalar product can be
written as

A -B = (A_L €, + Ay ey + AZ ez)'(BI €, +By ey +Bz ez) . (A21)
Since

€, €, =€, -e,=e€,-e, =1,

(A.22)
e;-e,=e, e, =e;-e; =0,
we obtain
A-B=A,B,+A,B,+ A.B,. (A.23)

In the special case of B = A, the angle ¢ is zero. Then, (A.19)
yields the magnitude of vector A:

A-A=A* or A=VA-A. (A.24)

A.1.4 Vector Product (Cross-Product)

The vector product (because of the notation “x” also called the
cross-product) of two vectors A and B yields a vector. It is written
as

C=AxB (A.25)
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C=ABsiny

Fig. A.6

and is defined as follows:

a) The vector C is perpendicular to both vectors A and B (Fig.
A.6).

b) The magnitude of C is numerically equal to the area of the
parallelogram formed by A and B:

|C|=C=ABsiny. (A.26)

¢) The vectors A, B and C in this order form a right-handed
system.
Therefore,

AxB=—-BxA. (A.27)

Hence, the commutative law does not hold for a vector product.
According to b), the vector product is zero for two parallel vec-
tors (¢ = 0).
From the definition of the cross product we have

e, xe, =0, e, Xe,=e,, e, Xe,=—e,,
ey X e, =—e,, e, xe; =0, e, x e, =e,, (A28)
€, X e; =ey, e.xXe,=—€;, e;xe,=0.

Hence,

C=AxB=(A,e;+Ayje, +A.e;)x(Byse;+Bye,+ Be,)
= (AyB,—A,By)e, + (A,B, — A;B,)e, (A.29)
+(A,By— AyB;)e,,

which yields the coordinates of vector C':
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Cy =A B, —A.By,

Cy=A.B, —A;B., (A.30)

C,=A,B,— AyB,.
Note that € and C, can be obtained from C, also by cyclic
permutation: x is replaced by y, y is replaced by z and z by =x.

The vector product may also be written in the form of the
determinant

e; e, e,

C=AxB=|4, A, A

T Y z

B. B, B.

(A.31)

The first row is given by the unit vectors e, e, and e. The coor-
dinates of vectors A and B are written in the second and the
third row, respectively. Expanding the determinant yields (com-
pare (A.29))

A, A, A, A, A, A,
e, — ey + e,

B, B, B, B, B, B,

= (AyB. - A.By) e, + (A.B, — A;B.) e,

+(A,B,— AyB;)e,.

c
(A.32)

The triple vector product A x (B x C) (the parentheses are
needed!) is a vector that lies in the plane defined by B and C.
Applying (A.31) yields the relation

Ax(BxC)=(A-C)B-(A-B)C. (A.33)

A.2 Systems of Linear Equations

Frequently, the treatment of a problem in mechanics leads to a
system of linear equations. Examples are the determination of the
support reactions of a structure or of the forces in the members of
a truss. In the case of a beam in a plane problem, the equilibrium

A.2
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conditions yield three equations for the three unknown support
reactions. For a space truss with j joints, there are 3j = m + r
equations to calculate the m unknown forces in the members and
the r support reactions.

Let us consider the system

a11T1 +a12%2+ ...+ ain Ty =b1,

a1 T1 + a2 T2 + ... + a2n Ty = ba, (A.34)

an1 L1 +an2x2+...+annscn:bn

of n linear inhomogeneous equations for the n unknowns x1, xs, . . .
..., &, (for example, the support reactions and/or forces in the
members of a truss). The coefficients a;; and the “right-hand
sides” by are known. In matrix notation

ailp a12 ... Qin I b1
ag1 a22 ... A2p i) b2

A= o ] ,z=| |, b= | (A.35)
Gpl Ap2 - .. Gnn T bn

equation (A.34) may be written in the form
Az =0b. (A.36)

If the determinant of matrix A is nonzero, i.e.,

ailr a12 ... din
a21 22 ... a2

detA=| 40, (A.37)
An1 Ap2 ... Qpn

then the n equations (A.34) are linearly independent. In this case,
the system of equations (A.36) has the unique solution

x=A"'b. (A.38)
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Matrix A~! is called the inverse of A. It is defined by A=1 A =1,
where

0 0
01 ... 0

1= ) (A.39)
0 0 ... 1

is the unit matrix. It is often rather time consuming to calculate
the inverse with pencil and paper. However, it can be very easily
determined with the aid of computer programs, e.g., MATLAB or
MATHEMATICA.

Practical methods to solve a system of equations include the
Gaussian elimination (Carl Friedrich Gauss, 1777-1855) (also cal-
led Gauss’s algorithm) and Cramer’s rule (Gabriel Cramer, 1704-
1752). If we apply Gauss’s algorithm, the unknowns are systema-
tically eliminated to obtain from (A.34) the equivalent system

’ ’ ’ ’
1171+ a19T2+ ... +ay,Tn = by,
’ ’ ’

Ugp T2 + ...+ ag, T = by, (A.40)
’ ’
Cpy Tn, = by, .

Beginning with the last equation, the unknowns can be computed
successively.
As an example, consider the system

227 + bz + 8x3 + 4dxy4 = 3,
6x1 + 1622 + 2223 + 1324 = 9,
41 + 14axe + 2823 + 1024 = 4,
10y + 2329 + 84x3 + 25xz4 = 22
of four equations for the four unknowns x1, ..., z4. The first equa-
tion (row) is multiplied by —3 and added to the second row. Also,
the first row is multiplied by —2 and added to the third one, etc.

Thus, the unknown z; is eliminated from the second, third and
fourth equation:
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2x1 + bxog + 8xz3 + 4dxy = 3,
To — 2x3 + x4 = 0,

dxe + 1223 + 224 = —2,

— 229 + 4423 + by = 7.

Similarly, the unknowns z2 and x3 are subsequently eliminated. It
is convenient to arrange the algorithm according to the following
scheme, where only the coefficients a;, and the right-hand sides
b; are written down:

T1 T2 X3 T4 b

2 5 8 4 3 (a)
6 16 22 13 9

4 14 28 10 4

10 23 84 25 22

0 1 -2 1 0 (b)
0 4 12 2 -2

0 -2 44 5 7
0 0 20 -2 -2 (c)
0 40 7 7
0 0 11 11 (d)

With the coefficients (a)-(d), we obtain the “staggered” system
(compare (A.40))

2x1 + 529 + 8x3 + 4dxy = 3,
To — 2x3 + zey = 0,

203 — 224 = -2,

11xzy = 11.

Beginning with the last row, we get successively
T4 =1, z3 =0, T9 = —1, 1 =2.

According to Cramer’s rule, the unknowns are given by
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o det (Ak)

= —1,...,n. AAl
T det A b SR ( )

The determinant det (Ay) is obtained by replacing the k-th co-
lumn of the determinant of A by b.

As an example, consider the system

aj; Ty + a2 T2 = by,

Q21 L1 + a2 T2 = ba.

The unknowns are found to be

by a2
ba age biasz — a12b2
= T ana a12a91
a1 aio 11022 — 412021
az1 22
ain b
as by a11b2 — biax
T = = .
a11092 — Q120
a1l alo 11022 — A12a21
a1 G22

Note that Cramer’s rule is suitable only for systems with two
(at most three) unknowns. For larger systems, Gaussian eliminati-
on is recommended. It should also be noted that for large systems,
a loss of accuracy may occur due to round-off errors.
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Index

action line 8 couple 54, 65

active force 11 Cramer’s rule 295

angle of static friction 265 criterion of stability 244
arch 119, 178, 205 critical load 250

Archimedes’ law of the lever 54, cross product 73, 291
230

area force 11 dashed line 178, 205

dead load 226, 248

axiom 1
decomposition 25
bar 31, 119 degrees of freedom 62, 120, 127,
beam 119, 180 142, 233
—axis 175, 176 disk 119
belt friction 273 dot product 290
bending moment 176, 212 dynamics 2

— diagram 180, 182

bifurcation point 250 energy, potential 227

equilibrium 29, 40, 65
—condition 29, 40, 57, 62, 77, 231

boundary conditions 190

cable 31

- state 231
center — of forces 91 — state, stability of 242
— of gravity 90, 94, 96 —, neutral 243
—of mass 90, 94, 96 —, stable 242
— of volume 97 —, unstable 244
centroid 90, 97 Euler 275

—of aline 110
—of an area 100

external force 12
externally statically determinate 143

clamping 122 127 Eytelwein 275
coefficient, kinetic friction 264, 266

—, static friction 263, 264 force 7

components, force 25 force plan 22

—, vector 287 — polygon 22
concurrent forces 21 — system in space 38, 71
condition of static friction 263 — system, concurrent 38
connecting member 130 — system, coplanar 59
conversion factors 15 — triangle 22
coordinates of a vector 26 force, active 11, 262
coplanar 21 —, area 11

corcscrew rule 72 —, components of a 25

Coulomb theory of friction 263 —, concentrated 10
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227
—, direction of 7

—, conservative

—, external 12

—, internal 12, 154

—, kinetic friction 262
—, line 11

—, magnitude of 7

31, 176, 212
—, point of application 8
—, potential 227

—, reaction 11, 237, 262
176, 212

—, spring 228

—, static friction 262

—, tangential 31

—, normal

—, shear

—, volume 11

forces, parallel 53

—, addition of 21

—, concurrent 20, 21, 38
20, 21, 59

—, decomposition of 25
119, 178, 205

12, 30
264, 266

—, coplanar

frame
free-body diagram
friction coefficient

friction, belt 273

Gaussian elimination 295

hinge 131
hinged beam 139

12, 154
internally statically indeterminate
143

internal force

Joule 224

kinematical (in)determinacy 123,
133, 142, 144, 155

kinematics 2

kinetic friction 261, 262, 266, 267

262

— friction force

kinetics 2

law of action and reaction 13,119
law of friction 266

layout plan 22

lever arm 58

line force 11

—of action 8

load, dead 226, 248

mass point 1
matching conditions 195
method of joints 158

— of sections 12, 125, 131, 164
moment 54

— of a force 57

—of an area 101

— vector 71

—, bending 176, 212
—, magnitude 55

—, sense of rotation 54, 55

Newton 7

Newton’s third law 14, 176
31, 176, 212
— diagram 180

normal force

parallel motion 121, 131, 190
parallelogram law of forces 21
119

position vector 73, 223

223, 227

—energy 227

plate
potential

228

— of torsion spring 229

227

principle of solidification 12
54, 230

— of transmissibility 9

— of spring force
— of weight
— of the lever

— of virtual displacements 231

— of virtual work 229, 230
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reduction 21

reference point 58
restraint 120

resultant 21, 59, 65
right-hand rule 72

rigid body 1,9

rod 31,119

rope 31

scalar product 290

sense of rotation 52

shear force 176, 212

shear-force diagram 180, 182

shell 119

sign convention 176, 178, 212

simple truss 156

sliding sleeve 121, 190

spring constant 228

— constant, torsion 229

stability 242

— criterion 244

static friction 261, 252, 267

— friction cone 265

— friction force 262

— friction wedge 265

statical (in)determinacy 30, 122,
124, 128, 130, 132, 140, 142, 144,
153, 154, 271

statics 2

stress 175

— resultants 175, 237

structure, plane 119, 131

structures, multi-part 130

—, spatial 127, 211

strut 120, 127, 131

support 119

— reactions 118, 119

—, clamped 122, 127

—, fixed 122, 127

Index

—, hinged 121, 127
— roller 120
—, simple 120

tangential force 31
three-hinged arch 136
torque 212

torsion spring constant 229
truss 152

unit vector 286

vector coordinates 288
— product 73, 291

—, free 74

vectors 286

virtual displacement 229
—work 229, 230

volume force 11

work 223
—, virtual 229, 230
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